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1 Introduction

Various authors have generalized the Laplacian spline family (of which the best known
member is the thin-plate spline) to include tension. In particular [1] define what they
call the L™"*-splines (see section 2.1). However, they have not derived the explicit
expressions for the kernels of such splines (nor have they given a general method for
constructing such).

In this paper, we give a general method for constructing “splines with tension”. The
method is based on the Fourier transform techniques. We also illustrate with some
examples of interpolants using these splines.

In section 2.1, we derive the kernel functions for splines with tension and show a
general method for constructing kernels for any member of the family. In general, for
the space dimensions of interest 1 to 3, we find that the kernels involve combination of
terms of the form r*, r*logr, ¢?" and Ky(¢r). Evaluation of kernels in even dimensions
is discussed in section 2.2 - we discuss these in detail because such kernels involve the
modified bessel function Ky as some of its terms (and this function is, perhaps, less well
known, than the functions associated with other terms). In section 2.3, we demonstrate
how the parameters effect the properties of kernels and make a comparison of such kernels
and polyharmonic kernels. In section 3, some numerical simulations show the behavior
of the interpolants constructed by different smoothness conditions. Section 4 concludes
our work.
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2 Spline with Tension

In this section we derive kernel functions for some splines in a family studied in [1][2].
In so doing, we not only derive new members of the family, but we also demonstrate a
general method for deriving the kernel functions for any member of the family.

Indeed, we only need to use a couple of standard results (equation (18) [3] and
equation (19) [4]) and to decompose the inverse Fourier transform of a certain PDE into
partial fractions. The PDE is determined by the smoothness of the spline. For example,
a well-known member of Laplacian spline family is a thin-plate spline (see Duchon [5]),
which minimizes the bending energy of a thin flexible plate as it passes through the data
points. The kernel function of the thin-plate spline is a Green’s function for the 2-iterated
Laplacian and the associated PDE is A2 K = §. The thin-plate spline interpolant involves
the linear combination of r* logr kernel. In following subsection 2.1, we discuss more
complex situations, in which the smoothness conditions will be decomposed into multiple
terms.

2.1 Kernel Functions
2.1.1 Thin-plate spline with tension

Consider the smoothness functional, formed from a first order and second order Laplacian
operator, associated with the PDE (—¢*A 4+ A?)K = 4§, where tension parameter ¢
controls the amount of first order smoothness. We wish to calculate the inverse Fourier
transform of:

1 1.1 1
2,2 4 _2(_2 T2 2) (1)
P¢E+qt 9P PPt
For the first part, we can use equation (18) ( Appendix B) and for the latter part we can

use equation (19) (Appendix C). We will simply give the expressions for the kernel in
low dimensions:

e For n = 1 we have:

) (2)

e For n = 2 we have:

K(r)= —ﬁ(log r+ Ko(or)) (3)

2.1.2 Second and third order Laplacian spline

We can also have a smoothness functional with second and third orders smoothness
terms. The associated PDE is (A? — 72A%)K = §, and parameter T controls the amount
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of third order smoothness. We wish to calculate the inverse Fourier transform of:

1 —72 1 72

_ L _ 4
q4_|_7-2q6 q2 +q4+7_2_|_q2 ()

For the first and second parts, we can use equation (18) and for the latter part we can
use equation (19). We will simply give the expressions for the kernel in low dimensions:

e For n = 1 we have:

et S O S o
[’7 = — —_— —e T
CE TRt (5)
e For n = 2 we have:
- Lo, r’ 27~ /T
K =—(7rlogr + —logr + 7°Ko(—)) (6)
27 4 T
e For n = 3 we have:
72 r? —r .
[’7 = — —1 _ T
* 47Tr( 2712 ter)) (7)

2.1.3 First, second and third order Laplacian spline

Now consider the smoothness functional, formed from a first, second and third order
smoothness terms. The associated PDE is (—¢*A 4+ A? — 72A®)K = §, where 7 and ¢
are two parameters controlling the first order term and the third order term, respectively.
We wish to calculate the inverse Fourier transform of:
1 1.1 —72¢? — 1
022 + gt + T2 qbQ(q? + ? + ¢ + 124

) (8)

For the first term in brackets, we can use equation (18) and for the latter part, consider
the general problem:

Ag* + B 1 C D
F i i—— )y =F1(= + 9
(c—l—bq2+dq4) (d((q2+w) (q2+v))) (9)
where
b+ Vb? — 4ed b—/b? —4ed B — Aw Av— B
v, w=——— (=— D=
2d 2d v —w v —w

One can now use equation (19) on the two parts of the above decomposition. Again,
we obtain the relative expressions for low dimensions:

e For n = 1 we have:

K(r) = —(—L g oL (v L vy, (10)
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e For n = 2 we have:

(—logr + ;(w]&’o(\/gr) — vKo(yVwr))) (11)

(v —w)

K(r)

- 2w p?

e For n = 3 we have:

1 1+ 1
 drg? v

K(r) (we™v"" — pe™VY) (12)

—w

Here,

|+ VT ar2g? | - VT 4232
V= w =

272 ’ 272
are two roots of the quadratic equation 72¢* + ¢* + ¢* = 0.

It is obvious that when the discriminant 1 — 47%2¢* > 0, v and w are two real roots.
The kernel functions are real functions. As we now show, the same holds if 1 —47%¢? < 0.
When 1 —472¢* < 0, v and w are a pair of conjugate complex roots. In even dimensions,
the kernels involve the modified Bessel function Ky. From the expression (14) of Ky
(see section 2.2), it can be seen that the modified bessel function Ky has the property:
if z = 7, then Ko(z) = Ko(y). Hence, for the kernel (11) in two dimensions, when

1 —47%¢? < 0, v = W, /v = y/w, and the expression (wKy(\/vr) — vKo(y/wr)) is pure
imaginary, which is divided by another pure imaginary (v —w). Thus, the kernel function
K (r) is still a real function. It is easy to deduce the same conclusion for odd dimensions,
in which the kernel involves in exponential function.

2.1.4 Other members of multiple order Laplacian splines

For the vector splines in 3D we will need the (scalar) kernel associated with the PDE
(A+ T2A3) = ¢. This is essentially because we need the first order smoothness to ensure
the null space contains only constants, and we also need the third order to ensure the
spline is smooth enough (particularly at the data points). We will also need the (scalar)
kernel associated with the PDE (A% + 72A*)K = §). This is because the vector spline is
defined in terms of the derivatives of the kernel that is one order higher than the scalar
spline (to which it reduces on some combinations of parameters). In appendix D, we will
derive the kernels for these two models.

For any member of this family, the kernel functions can be obtained by the decompos-
ition of the fractional expression into the partial ones and then by using inverse Fourier
transform similar to those used in the above examples. A number of kernel functions
associated with different smoothness functionals will be listed in Table 1 (appendix A).
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2.2 Evaluation of Kernels

The expressions for the kernels we have derived will involve (in even dimensions) the
modified Bessel function Ky. In order to evaluate such kernels, we need to find ways
of evaluating these Bessel functions in combination with other terms with a logarithmic
divergence at the origin. Here, we explain with an example, how this is done.

For example, in two dimensions, the kernel function of thin-plate spline with tension
has the expression:

K(r) = —2; Sillog + Ko(ra)], (13)

where K is the zero order modified bessel function of the second kind.

The modified bessel function Ky has power series form (see [6], pp375):

(iZQ)k

(k1)?

Ko(2) = (log2 — cg)lo(2) — Io(2)logz + > (1 + S+
k=1

(14)

where cg is Euler’s constant, [o(z) is the zero order modified bessel function of the

first kind, and

(iZQ)k
(K1)?

For large z, the asymptotic expansion of Ky is (see [6], pp378):

Io(z) = i

1 1o12a3 1 12.32.5 1
e (] — — _ 15
R vl T FRE TR TR (15)

T
2z

Kol2) = (

Figure 1 depicts the modified bessel functions Ky and [y in one dimension, respect-
ively.

Now we analyse the limit properties of the kernel function K (r) in (13). When r — 0,
from (14), lo(r) — 1, and
., 2
Ko(¢r) — log . ¢y —logr — oo
and when r — oo, from (15)
Ko(gr) —0

Hence, we have

R 1 2
11_1% K(r) = T (log 3 cB),
and
lim K(r) = lim — logr = —o0

r—00 r—00 27T¢2
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Figure 1: Graphs of modified Bessel function Ky and Iy. (a) second kind modified Bessel
function Ky. (b) first kind modified Bessel function .

It can be seen that the modified Bessel function Ky is difficult to evaluate because
it diverges at the origin, but in combination with a logarithmic function which also
diverges at the origin, the singularity is removed. Hence, the kernel function converges
to a constant at the origin. In addition, the kernel can be approximated by a logarithmic
function at infinity. The similar properties can be derived for other members of Laplacian
spline family in even dimensions.

For odd dimensions, it is much easier to evaluate kernel function since such kernels
are a combination of the exponential functions and a polynomial.

2.3 Properties of kernels

Several parameters play an important role in multiple order Laplacian spline models.
They influence the properties of kernels. In this subsection, we will discuss how multiple
order Laplacian kernels change their form with changes in parameters, and present a
comparison of these kernels with polyharmonic kernels (or harmonic kernels).

For example, consider the thin-plate spline with tension model (—¢?A + A*)K = §.
When tension parameter ¢ becomes more and more large, the model is dominated by the
first order term, hence the corresponding kernels tend to first order kernel. Otherwise,
when ¢ becomes more and more small, the model is second order term dominated: the
kernel tends to the second order thin-plate spline kernel. Figure 2 illustrate the behaviour
of the kernels changing with different parameters.

Figure 2 (a) shows the kernel function (3) of first and second order Laplacian spline
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Figure 2: Graphs of L™ kernels with different parameters. (a) plot of the kernels of
the first and second order Laplacian spline with the parameters ¢ = 10 and ¢ = 0.1, and
a comparison of these kernels with the first order kernel log r (dotted line) and the thin-
plate kernel (dotted line). (b) plot of the kernels of the second and third order Laplacian
spline with the parameters 7 = 10 and 7 = 0.1, and a comparison of these kernels with
the thin-plate spline kernel (dotted line) and the third order Laplacian kernel (dotted
line).

changing with different tension parameter ¢ (here, we plot the negative of the kernel
for comparison with first order kernel and second order thin-plate spline kernel, it does
not change the properties of the kernels). It can be seen that when ¢ becomes smaller
(in figure, ¢ = 0.1), the kernel function is very close to the thin-plate spline kernel
(plotted in dotted line), - here we use the kernel r*logr/8 + 0.15r — 0.02 rather than
the standard biharmonic (thin-plate spline) kernel r?logr/87 for comparison purpose,
because the linear term and constant can be absorbed into the null space. Conversely,
when ¢ becomes bigger (in figure, ¢ = 10), the kernel function is very close to the
harmonic (membrane) kernel log r (plotted in dotted line).

Figure 2 (b) shows the kernel (6) of second and third order Laplacian spline with
different parameter 7. When 7 becomes smaller (in figure, 7 = 0.1), the kernel is very
close to the thin-plate spline kernel (plotted in dotted line). Otherwise, when 7 becomes
bigger (in figure, 7 = 10), the kernel tend to the triharmonic kernel (plotted in dotted
line) - again, we use the kernel rtlog T/1287T—|-0.1T2 4+0.087—0.02 rather than the standard
triharmonic kernel r*logr /1287 for comparison purpose, because the null space of the
third order Laplacian spline is a quardratic polynomial.

In conclusion, the properties of kernels of multiple order Laplacian spline depend on
the parameters. By choosing the limits as these parameters tend either to 0 or to co, we
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can establish a connection between multiple Laplacian kernels and polyharmonic kernels.

3 Examples of Interpolants

In this section, some numerical examples on reconstructing an interpolation surface from
scattered data are given using different smoothness constraints.

For given N scattered data points X; = (2;,v:,2), ¢ = 1,..., N in R*, we interpolate
values of z to form a smooth surface z(x,y) by using multiple order Laplacian splines.
The interpolant is given by:

N
s(X) =Y aK(IX = Xi]) + pu(X) (16)

=1
where K(X) is the kernel functions associated with a smoothness constraint, ¢; (i =
L,...,N) are coefficients. ppr(X) € Py (all polynomials of degree less than or equal to
M) and M denotes the dimension of the null space. In multiple order Laplacian spline
models, the dimension of the null space depends on the lowest order Laplacian operator

inthe PDE. M = [ " tm—1

" ), here, m is the order of the lowest order of Laplacian

operator in the PDE.

The coefficients ¢; and py; are determined by following equations:

S(XZ) = Z;
ECiQ(Xi) =0 (17)

where ¢(X) € Py.

Figures 3 through 6 are all reconstructions from the same sample points. We use
Gu’s rkpk package [7] for solving the linear system (17). The data set consists of 25
points given as follows:

(=5, —1,1) (=.5,-.5,2) (=.5,0,2) (=.5,.5,2) (=.5,1,1)
(0,—1,1)  (0,—.5,2)  (0,0,3)  (0,.5,2)  (0,1,1)
(5,-1,1)  (5,—=5,2)  (5,0,2) (5,5,2)  (.5,1,1)
(1,-1,1)  (1,-52)  (1,0,2)  (1,.5,2)  (1,1,1)

where (z,y, z) denotes a point in 3D coordinate system.

Figure 3 shows the interpolants using thin-plate spline with tension model (—@*A +
A*YK = 4. The kernel function is given in (3). The null space is a constant. The
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Figure 3: Interpolants with different parameter ¢ using thin-plat spline with tension
model (—¢*A + A*)K = ¢. (a) shows the interpolant with a bigger ¢ = 10, the surface
has less smoothness. (b) shows a more smooth interpolant with a smaller parameter
¢ = 0.1, the surface is close to a second order thin-plate spline interpolant (plotted in

Figure 6 (a))

parameter ¢ controls the relative weights on two parts. When ¢ is large, the model is
first order (membrane) dominated, otherwise the model close to second order thin-plate
spline. (a) shows the interpolant with a larger ¢ = 10. As can be seen, the surface has
less smoothness. Figure 3 (b) shows a more smooth interpolant with small parameter

é=0.1.

Figure 4 shows the interpolants using first, second and third order Laplacian spline
(—¢d*A + A? — 72A%)K = §. The kernel function is given in (11). The null space
is a constant. There are two parameters ¢ and T to control the relative weights on
the first order term and third order term, respectively. When the tension parameter
¢ becomes bigger, the model is the first order dominated and the interpolant has less
smoothness, otherwise, the interpolant becomes more smooth. Similarly, when the third
order parameter 7 becomes bigger, the model is dominated by the third order term,
the interpolant has the third order smoothness, otherwise, the model is dominated by
other two terms. When two parameters are both smaller, the model is dominated by
the second order term. (a) shows the interpolant with ¢ = 10, 7 = 0.01, the surface
is close to first order interpolant. (b) shows the interpolant with two small parameters
¢ = 0.01, 7 = 0.01, the interpolant is close to the thin-plate spline interpolant (see
Figure 6 (a)). (c) shows the interpolant with ¢ = 0.01, 7 = 10, the surface is close to
the third order interpolant (see Figure 6 (b)).

Figure 5 shows the interpolants using the second and third order Laplacian spline



