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Abstract

In the present paper we describe a new formulation for Support Meetpession (SVR), namely monomiatSVR. Like
the standard -SVR, the monomial -SVR method automatically adjusts the radius of insensitivity (the tube widltto, suit the
training data. However, by replacing Vapnik'sinsensitive cost with a more general monomighsensitive cost (and likewise
replacing the linear tube shrinking term with a monomial tube shrinking tetine),performance of the monomialSVR is
improved for data corrupted by a wider range of noise distributions. a%asf on the quadric form of monomialtSVR and
show that the dual form of this is simpler than the standa®VR. We show that, like Suykens' Least-Squares SVR (LS-SVR)
method (and unlike standardSVR), the quadric -SVR dual has a unique global solution. Comparisons are made betiveen
asymptotic ef ciency of our method and that of standar®VR and LS-SVR which demonstrate the superiority of our method
for the special case of higher order polynomial noise. These thealretiedictions are validated using experimental comparisons
with the alternative approaches of standar8VR, LS-SVR and weighted LS-SVR.

I. INTRODUCTION

Support Vector regressors (SVRs) [1] [2] [3] are a class afi-liwear regressors inspired by Vapnik's SV methods for
pattern classi cation [4] [5]. Like Vapnik's method, SVRsrst implicitly map all data into a (usually) higher dimensad
feature space. In this feature space, the SVR attempts ttragh a linear function of position that mimics the relasbip
between input (position in feature space) and output okskiv the training data by minimising a measure of the emgdiric
risk. To prevent over tting a regularisation term is inckdito bias the result toward functions with smaller gradierfeature
space.

Two major advantages that SVRs have over competing methadgdularised least-squares methods, for example) are
sparseness and simplicity [3] [6]. SVRs are able to give ateuresults based only on a sparse subset of the compltiadra
set, making them ideal for problems with large training sktsreover, such results are achievable without excessipgithmic
complexity, and use of the kernel “trick” makes the dual fasfrthe SVR problem particularly simple.

Roughly speaking, SVR methods may be broken in®VR [1] [2] and -SVR methods [7] [8], both of which require
a-priori selection of certain parameters. Of particulaerast is the (or in -SVR methods) parameter, which controls
the sensitivity of the SVR to presence of noise in the trgindfata. In both cases, this parameter controls the threshold
(directly for -SVR, indirectly for -SVR) of insensitivity of the cost function to noise througbe of Vapnik's -insensitive
loss function.

The standard-SVR approach is associated with a simple dual problem, bidrtunately selection of requires knowledge
of the noise present in the training data (and its variangeamticular) which may not be available [9]. Conversely, stendard

-SVR method has a more complex dual form, but has the advaultey selection of requires less knowledge of the noise
process [9] (only the form of the noise is required, not theavece). Thus both forms have certain dif culties assaibivith
them.

Yet another approach is that of Suykens' LS-SVR [10], whigesithe normal least-squares cost function with an added
regularisation term inspired by Vapnik's original SV methdrhe two main advantages of this approach are the simplicit
of the resulting dual cost function, which is even simplearth-SVR; and having one less constant to choose a-priori. The
disadvantages include loss of sparsity and robustnessisdhlution. These problems may be ameliorated somewhaighro
use of a weighted LS-SVR scheme [11]. However, while thishmets noticeably superior when extreme outliers are ptesen
the training data, in our experience the performance of taighted LS-SVR may not be signi cantly better than the stamdd
LS-SVR if such outliers are not present.

In view of the shortcomings of these approaches, we preserddi cation of Smola's -SVR method (monomial -SVR).
Our approach retains the feature thamay be selected without knowledge of the variance of theenpissent in the training
data. For the special case of quadriSVR (second order monomialSVR [12]), the associated dual optimisation problem
is simpler than the standardSVR method. Furthermore, we show that quadr8VR method is able to out-perform both
standard -SVR and LS-SVR (weighted or otherwise) in several casaseffample in the presence of higher order polynomial
noise).

We begin in section Il by reviewing the standarBEVR method and its properties. Next, using the theory ofimam-
likelihood estimation as motivation, we present a modiioatof this method using a new monomialnsensitive cost function
(monomial -SVR). Concentrating on the quadric form of this new costfion, we form the dual and show that it is no more
complex than the standardSVR dual. In subsection 1I-C we consider the asymptoticigincy of our method in comparison
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to the standard-SVR and LS-SVR. We also address the issue of selectiogmaximise this ef ciency. Finally, in subsection
[I-D, we analyze the sparsity of the various methods.

In section Il we further explore the properties of the sinud -SVR method, and in particular its property of insensiivib
the variance of noise present in the training data. We thetydpe obvious extension of this approach to the monomiaVR
formulation introduced previously to produce a monomigdVR method, and show that the dual form of the quadr8VR
is actually less complex than the dual form of the standa®VR. We then consider the problem of optimakelection for
both our method and standardSVR, and show that the property of noise variance inseftgitivhen selecting this constant
carries over from the standardSVR to monomial -SVR. Finally, in subsection IlI-C, we consider the issuespérsity for
the standard -SVR, monomial -SVR and LS-SVR methodologies.

In order to gain a better “feel” for the problem, in section W& consider the particular case of training data affected by
polynomial noise of degreé@ p 6. In particular, we compare the theoretical ef ciencies dahd optimal values of
and for our method against other approaches. Finally, in secipwe consider a model problem where various orders of
polynomial noise are added to the training data, and comitereesults achieved here with our theoretical predictitkis
show that the results t the prediction within tolerable aacy. Moreover, we show that the predictions for the patame
provide a worthwhile “rst guess” of the actual optimal valu

II. -SV REGRESSION

The regression problem may be formulated as follows. Givémiaing set:

= f(Xu;z1);(X2;22) 5000, (XN 2n )0
X; 2 <t
zZi 2 <

wherez =4 (x;) + noise for some@ : <% !< ; andx; is drawn i.i.d. manner from an unknown distribution, coastran
approximationg : <% 1< of §. An approximationg constructed for a given training setis called a trained machine, and
the construction process training. We assume that all regseces (eg. measurement noise, system noise etc.) arehsmoo
i.i.d and zero mean.

In the SV approach [1], it is usual to de ne (implicitly, as livbe seen later) a set of functioris; : <d 1<
1 dy, which collectively form a map from input space to featuraan' : <% ! < 9 where' (x) =

g(x)=w' (x)+b

which is a linear function of position in feature space. la #8VR frameworkw andb are selected to minimise the regularised
risk functional:

. — 1,57 C P H H
Ri(w;b)= swiw+ & jg(xi)  zj 1)
(xi:zi)2
wherej :j =max(j:]j ;0)is Vapnik's -insensitive loss function (0 is a constant). In this expression, the rst term

(%WTW) characterises theomplexityof the modet while the second term is a measure of empirical risk asstiaith the
training set when this model is applied. The consi@rt O controls the trade-off between empirical risk minimisati@nd
potential over tting) if C is large and complexity minimisation (and potential undgng) if C is small.

An important property of (1) is that errors of magnitude l8ssn do not contribute to the cosR; (w; b). Assuming is
well matched to the noise present in the training data (ameisge will return to shortly), this should lend a degree ofseoi
insensitivity to the cost function [1].

For convenience, (1) is usually expressed in terms of ngaine slack variables, . Using this notation, the primal
form of the -SVR training problem is:

min Ry (w;b; ; )= iwTw+ %ln i+ )
wb; i=1
such that: wT' (xj)+ b z i 2
wT' (xj)+ b z i
; 0
For reasons of mathematical tractability, it is usual toldeih the dual of (2), which may be constructed as follows.

For each of the inequality constraints in (2) we associateramegative Lagrange-multiplier, respectively, ;, ; and
(3 i N), noting that this gives a 1-1 correspondence between #ieirtg pair(X;;z) and the Lagrange multipliers;

lthe Iarger%wT w, the larger the gradient af(x) in feature space, and hence the mgie) may vary for a given variation in inpuk



and ; foralll i N, and furthermore that at least one of and ; will be zero for alll i N. Using the usual
techniques it is straightforward to show that the dual forfinf2) is:

min Li( ; )= i( )" G ( )
( Yz+ (+ )T1
such that: 0 <1 ®3)
0 <1
17( )=0
where Gj; = K (Xi; %) = x)"" (xj), andK : <% < d 1 < s the kernel function associated with the map
' 1<% 1< 94 The trained maching(x) may be written in terms of the kernel function:
P
gy = (i DKEsy)+b @)
|
The biasb is calculated indirectly, using the fact thgi{x;) = z for all i such that0 < ; < C (and likewise

g(xi)=z + forallisuchthaO< ; <C).

At no point during training or use of the trained machine iWtedge of the exact form of mdp : <% 1< 9 required.
Only the kernel functiork : <% < 9 | < s required, and any symmetric functidh : <% < 9 | < satisfying
Mercer's condition [13] can be shown to be suf cient for thesk [4].

Noting that each training vector corresponds to one pair ;, and that one of these will be zero for alJlwe may divide
our training vectors into three distinct classes, namely:

Non-support vectors:; = ; =0, | = ; =
Boundary vectors: ;
Error vectors: | = % i>0o0r ; = % i > 0.

Support vectors are any vectors which contribute to (4) fah boundary and error vectors). We de g to be the
number of support vectors in the training sk the number of error vectors andlg the number of boundary vectors; so
Ns = Ng + Ng. Non-support vectors are said to lie inside thtube, boundary vectors on the edge of thieibe and error
vectors outside the-tube.

We will require the following theorem later:

Theorem 1:(Theorem 3.20, [14]): If the distribution from which the nse@ed output$z;; z,;:::;zy g are drawn is smooth
then: o _ "
SR U

A. Monomial -SV Regression

Consider (1) when = 0. If C is suf ciently large, and assuming that the empirical risknion-zero, the second term (the

empirical risk term) will be much larger than the rst termhé regularisation term). Hence, in this case:
Riwib § | otz
(xi;zi)2

But this is just the Max-(log-)likelihood (ML) cost functiofor data affected by Laplacian noise [14]. It has been shown
[14] that, under certain assumptions given in section Itk@, optimal value o, for when the output is affected by Laplacian
noise isO. For other types of noise it is often found thap: 6 O, as the empirical risk component of the cost function does
not correspond to the ML cost in such cases. The presencallmiws us to achieve a degree of noise insensitivity eveagho
the cost function does not correspond the ML cost function.

The question raised by these observations is whether oneactdgve better performance in the SVR for non-Laplacian
noise by modifying the primal cost function to match the Mlstéunction wherC is large. However, when doing so we must
be mindful of the effect any changes may have on the matheatatactability of the problem, as mathematical simpjidg
one of the major strengths of the SV approach.

One variant of standard SVR which is known to have a partibulsimple dual form is Suykens' least squares (LS) SV
method [10]. This uses the following modi ed primal cost ftion:

P 2
Ris (W;b) = twTw + £ (a(xi) z) (5)
(xi;zi)2

If C is suf ciently large the second (empirical risk) term inghéxpression will be dominant. But the empirical risk term in
(5) is just the ML cost function for training data affected Grussian noise, so € is suf ciently large thenR s (w; b) will
correspond approximately to the ML cost function for tragidata affected by Gaussian noise. Hence one would expect th



LS-SVR to perform well in the presence of Gaussian noise. élew if the noise is not Gaussian, the lack @hsensitivity
in the primal is likely to make the LS-SVR excessively samsito noise?

Motivated by this, we propose the following modi cation dfe I:)standard-SVR primal:

Ro(wib = swiw+ & jg(x) zj ©6)
(xi;zi)2
whereq2 Z* is a constant. IfC is large and =0, the second (empirical risk) term will be dominant and heRgéw ; b)
will correspond approximately to the ML cost function forgdeeq polynomial noise, where polynomial noise of degreis
characterised by the density functipif ) = ce 9% i, wherec;d > 0 are constants.

If g=1, (6) reduces to the standardSV cost function (1). Similarly, iff = 2 and = 0, (6) reduces to primal form
of Suykens' LS-SVR. However, like the standareBV cost function (1) (and unlike the LS-SVR cost function)(56)
incorporates -insensitivity to achieve noise insensitivity when the émepl risk component of the cost function does not
match the noise process effecting the training data.

In terms of the usual slack variables, (6) may be written:

]
i he - _ c
W.Lr.nr) Rq(w;b; ; )= %wTw+q_Ni:1 a; d
such that: w'™' (xj)+ b 1z : @)
wT (xi)+ b Zi i
; 0

We shall refer to a regressor of form (7) as a monomi&@lVR (as the empirical risk term is a monomial function of
Vapnik's -insensitive cost). Unfortunately, for the general cgse 2 the dual form of (7) is rather complicated [15]. For this
reason we will restrict ourselves to the special cqase2 (quadric -SVR), in which case it turns out that the dual problem
is mathematically “nice”.

Before we construct the dual form of (7) we show thatj# 2 the positivity constraints; 0 in (7) are super uous,
giving us the simpli ed primal problem:

min Ry (w;b; ; )= iwTw+ 2 24 2
w;b; i=1 (8)
such that: w'™' (x;)+ b 1z i
wh' (xi)+ b Zi i
We have the following theorems:
Theorem 2:For every solution(w;b; ; ) of (8), ; 0.
Proof: Suppose there exists a solutiow;b; ; of (8) such that; < O for somel i N. Then for all other
(w;b; ; ) satisfying the constraints contained in (8, (w;b; ; ) Rz w;b; ; by de nition.
Consider(w;b; ; ), wherew =w ,b=Db, = and:
_ i ifi6]
' 0 otherwise
First, note thatasw™ (x;)+ b z iwW=w,b=Db, j <0and; =0,itfollowsthat w™" (xj)+ b 1z i
Hence(w;b; ; ) satis es the constraints in (8).
Second, note that:
Row b, i  =Ra(w;b;; )+ § 2
) Ra(w;b; ; )<Raw ;b; ;
These two observations contradict the original assertian tw;b; ; with ; < Ofor somel i N was a solution
of (8). Hence, for all solutiongw;b; ; ) of (8), 0.
The proof of the non-negativity of follows from an analogous argument for the elements of tbistor. ]
Theorem 3:Any solution(w;b; ; ) of (8) will also be a solution of (7) wheg= 2, and vice-versa.
Proof: This follows trivially from theorem 2. [ |
Using (8) it is straightforward to construct the dual form(@j whenq =2 via the usual method. The dual is:
mn Lp( ; )= 3 )" G ( )+
’ N T LN T
C (e}
( z+ (+ )1 ©
such that: ; 0

17( )=0

2As an alternative to the approach presented here, thisgarobiay be tackled by usingwaeightedLS-SVR method [11]. This involves using a two-step
process. First, a standard LS-SVR is constructed. Baselignateights are calculated for each training pair. Thesglte are subsequently used in a second
(weighted) LS-SVR, the training of which results in the med machine.



where G is as before. The trained machine takes the same form as (4. tRat the only constraints in (9) are positivity
constraints on the dual variables,and , and a single equality constraint. Furthermore) = % ),

B. Training Issues
To clearly see the structure of the monomigdVR dual problem (9), it is instructive to re-express it aofvs:

T T
min Lq( ; )= Q + S
’ 10
such that: 0 (10)
17¢( )=0
where:
G G
Q= 5 g *¢!
s= 1 z
T 1+ z

Once we convert the problem into this form, it is essentitiiljial to apply standard SVM training techniques (for exden
[16], [17]) to the problem. We also have the following usebubperty (which our formulation shares with Suykens' LSFSV
method):

Theorem 4:The dual problem (10) has a unique global solution.

Proof: It follows from page 79 of [18] that in order to prove that (s a unique solution it is suf cient to prove that
Q is positive de nite. Since we are using a Mercer kerr@l,is positive semide nite. Given that > 0, it follows that%l
G G

G G
must be positive de nite, and (10) must have a unique globalit®n. ]

As an aside, note that & is not positive semide nite to working precisioQ may still be made positive de nite using
the Levenberg-Marquardt [19] [20] method by choosgappropriately.

is positive de nite. We also know that, fo& positive semide nite, must be positive semide nite. Hend@

C. Asymptotically Optimal Selection of

In [14], Smola describes how, based on certain assumpttbasparameter may be selected in an “optimal” fashion for
the standard-SVR. While the assumptions made in this paper are not met &ySWR, experimental results suggest that
regardless of this the predictions made are reasonablyatecand certainly provide a useful “ rst guess” of the opai value
for . More importantly, Smola derives a relationship betweenuériance of the measurement noise and the ef ciency of the
training machine if the machine is trained using a given

Smola's (and our) assumptions are:

1) The training set is in nitely large.

2) The functiong estimated by the SVR converges to the actual relation§hip

3) The general SVR model is replaced by an unregulariseditwcparameter estimator.

Mathematically, the third assumption is met in the liit! 0, C ! 1 , and implies thag(x) = b. Throughout the
present paper, these will be referred to as “the usual agtumf

with mean and variance . Let A(Z) be an unbiased estimator for The ef ciency e of the estimator is de ned to be [14]:
e=det(IB) !

wherel is the Fisher information matrix arll is the covariance matrix [14]. Loosely speaking, the higher ef ciency, the
better the estimator (as there is less variance in the dstiofathe mean ). By optimal selection of, we mean choosing
0 to maximise the ef ciencye. The value which achieves this maxima will be writtegy; . The Cramer-Rao bound [21]
states thae 1.
For a single parameter estimator of the form:

. P
™(2) = arg min zzzd 2" (11)

whered z;" is a piecewise twice differentiable function ofthen, asymptotically ([22], lemma 3):

2

O

e=

o)



where [14]: R ,
I = N @'”gz” p(zj )dz
) 2
G =N @‘g') p(zj )dz
Q=N @Uz)p(z )dz

Making the usual assumptions, the monomigbVR has form (11). That is:

q
N VAN
d z;7 =z

where” = bandq2 Z*.
Dene psg () and ggg () to be, respectively, the normalised (zero mean, unit vagarand symmetrised normalised

distribution functions. That is:
Cta (

(Psta ( )+ Psta ()
Pstd (Z (

z ) (12)

)= 1
)= p
Then, denotind = -:

2
I= N0 @nPul) Tp()d

. 2
6 p(zj )dz

R ez i) °
= N o) ipy @
z2<n [ ; + ]

R edii) °
N 202 éjj]") Psta () d
n[ 5] '

2N 2 271 ()2 20 ()d

R . .
Q=N Z5Hp(z )z
= N gz Dipyy v dz
z2<n [ ; + ]
@d j .I
EE G40 i) py ()d
2<n[ 1] @i

l if g=1
@v ,( ¥ %qua()d ifq 2

Consequently:

8

2 ) if g=1
ety= 2 (5 o gul)d) ,

! |5m>( 12 SH ) Pau()d)
YT D% Zage ()d)

(13)

ifg 2

where: R )

1

lsg =, (2Pul) Tpo()d
is the ef ciency of the monomial-SVR under the usual assumptions. Td@imalvalue oy of the parameter 0 is de ned
to be the value which maximizes this ef ciency (thereby miiging the variance in the estimate lof
De ning:
| = in 1
opt = arg !m|n ) (14)

it is clear that maximum ef ciency will be achieved by seiin= o5 = ! opt . This implies that o is directly proportional

to the noise variance, where the constant of proportionality is dependent on ype tof noise. If the type and amount

(variance) of the noise are both known, (14) provides a resse basis for selecting(or at least a reasonable “ rst guess”).
If g=2, (13) can be used to obtain the theoretical ef ciency of San&K LS-SVR, under the usual assumptions, by setting
=0. For later reference, we de ne s to be this ef ciency, i.e.:

R, )
e|_S = 2 QQO qsld( )d ) (15)

Tso (& 20sa ()0 )




D. Sparsity of the monomialSVR

As discussed previously, part of our motivation for deveigpthe framework for monomial-SVR is Suykens' LS-SVR
technique. Indeed, i€ is suf ciently large and the noise affecting measuremerasi$dian, LS-SVR corresponds approximately
to the ML estimator for the parametens and b. However, a downside of the LS-SVR approach is the lack ofssyain the
solution [10], where by sparsity we are referring here torthmber of non-zero elements in the vector or, equivalently
asN !'1l (see theorem 1), the fraction of training vectors that as® aupport vectors. In the LS-SVR case, all training
vectors are support vectors, ids = N. While the sparsity problems of the LS-SVR may be overcome degree using the
weighted LS-SVR approach [11], this approach is somewhatistec in nature, requiring some external arbiter (eitheman
or machine) to decide when to cease pruning the dataset. \dowey maintaining the-insensitive component of the cost
function, the need for such heuristics (at least at thisl lef@bstraction) is removed

So long as > 0, we would expect that the solution to the monomial -SVR dual problem will contain some
non-zero fraction of non-support vectors. Under the usesalmptions, we have the following theorem:

Theorem 5:The fraction of support vectors found by theéSVR under the usual assumptions will, asymptotically, be:

R
lim Ne =2 " gy ( )d

where! = —.
Proof: Given that errors vectors are those for whjgtix;) zjj > 0 (i.e. those lying outside thetube), using theorem
1 it can be seen that:

Jm = lim S =Prijge) 00i> )

= p(zj )dz
z2<n R |

= Pstd ( )d
ZZR\l[ [HI

=2 | Ostd ( )d

where! = —. u
Note that this implies that:
lim N =1

(s

as expected for LS-SVR. It also implies that any decreaseiflikely to lead to a decrease in the sparsity of the solution
So, in general, if the training set is large theshould be chosen to be as large as possible while still maingaacceptable
performance to maximise the sparsity of the solution.

IIl. -SV REGRESSION

The major drawback of-SVR is apparent in the relationy, = ! opx . Speci cally, selection of requires knowledge of
what type of and how much noise is present in the training aetlfernatively we must have a speci ¢ intended accuracy to
use as a basis for selectingg However, while we may have some idea of the type of noise aveexpect to be dealing with
for a given problem (and hence be able to calculajg), we are unlikely to know how much noise will be present, iagv

(and therefore o5t ) uncertain.

To overcome this problem, Scholkopf et. al. [7] introducée t-SVR formulation of the problem, which includes an
additional term in the primal problem to trade-off the tubees(, no longer a constant) against model complexity and
empirical risk.

From [7], the primal formulation of the standardSVR training problem is:

min Ryi(:)= iwTw+C + & (i+ )
wib; i=1
such that: w™ (x;))+b gz i
16
w'' (xi)+ b Zi i (16)
; 0
0

30f course, some heuristic input will still be required for leapproach, either for selection or when deciding how much compromise is acceptabiegiu
pruning. The advantage of the former is that there existratare criteria which may be used to seledii.e. optimal performance for a given noise model),
with sparsity properties being just a useful side affecthi$ thoice. If the dataset is very large, however, sparsity beof primary importance, in which
case neither approach will have a clear advantage.



where > 0is a constant. The associated dual is [7]:

min Lya( 5 )= 3¢ )T G ( )
( )"z
such that: 0 £1 (17)
0 £1
17¢( )=0
1" + ) C

whereG is as before.
We require the following theorem:
Theorem 6:(Theorem 3.20, [14]): For a-SVR trained with any training set of siz¢:

1) is an upper bound on the fraction of error vectors.
2) is a lower bound on the fraction of support vectors.

From this theorem we can immediately see that:

. Ng
m
i N

A. Monomial -SV Regression

We shall demonstrate shortly that there is a direct funefioalationship between and the theoretical ef cience (under
the usual assumptions) that is independent offhis means that it is possible to nd,, to achieve maximum theoretical
ef ciency without knowing the noise variance (although the type of noise is still required). However, fiiece we pay for
this is increased complexity in the dual formulation (1fedi cally the presence of a new constraint,( + ) C .
Also, like standard-SVR, the empirical risk component of the standar@&VR primal corresponds to ML only for Laplacian
noise. To deal with these issues, we introduce the folloviomghulation:

[
- oy = c c
W_br_nlln Rgr ((19) = swiw + & 1+ o g4 .
such that: w'' (xj)+ b z i
18
Wb (18)
; 0
0

whereq;r 2 Z* are constants. We shall refer to this as monomi@VR whenq = r. This reduces to the standardSVR
primal (16) if we choosey= r =1. We will be concentrating on the cage= r =2 (quadric -SVR).

We have already shown in theorem 2 (which will hold here atba} the positivity constraints; 0 are super uous
if g=2. We now show that the constraint 0 is also super uous ifr = 2, giving us the simpli ed primal problem when
q=r=2:

m

: ey = 1T c 2 C 2 2
min R2;2 ( . ) - EW w + T + m i + i
wiby 5 i

: i=1 19
such that: w'™' (x;)+ b z i 49
wh (xi)+ b z

We have the following theorems:
Theorem 7:For every solution(w;b; ; ;) of (19), 0.
Proof: Suppose there exists a solutiow;b; ; ; of (19) such that < 0. Then:

RooW ;b ; ; =Rpaw;b;; ;0 + 5 2
) Ropw ib; o ;0 <Rgzzw by ;
Furthermore, if the constraints in (19) are satis ed far;b; ; ; they must also be satis ed fow;b; ; ;0 . Therefore
w;b; ; ; does not minimisdr,.» subject to the constraints and hence cannot be a solutiob®df hich contradicts the
original assertion. So we conclude that every soluflenb; ; ; ) of (19) must satisfy 0. ]

Theorem 8:Any solution(w;b; ; ; ) of (19) will also be a solution of (18) wheq= r =2, and vice-versa.
Proof: This follows trivially from theorems 7 and 2. ]



It is not dif cult to show that the dual form of (19) (and hen¢E8) withg= r = 2) is:

min Loo( 5 )= ( )" G( )+
Y 1 + T 1E +
2 ( e )N_ e ( )
C .C (20)
( ) z
such that: ; 0
17( )=0
whereE is a matrix where all elements afe The trained machine takes the same form as (4). Furthermore
= CA]_T( + )
() =N ()
c
from which we see that: .. P _
=N ig(xi)  zj 1)
(xi3zi)2

Note that the only constraints in (20) are positivity coastts on the dual variables, and , and a single equality
constraint. By comparison, the standar®&VR dual (17) (which is otherwise of comparable compléxitgs upper bounds on
these variables and an upper bound1dn( + ).

For training purposes, note that (20) may be expressedidgadigitto (10) by setting:

Q= GG GG + CAE + %l
z
z

S=

Like monomial -SVR, this form will have a unique global minimum (to see thiste that the additional terrgl—E is
positive semide nite and therefore will not affect the ity of theorem 4).

Finally, note that in the limit !'1 it is clear from (21) thatifg=r =2, ! 0. In fact, it is clear from the general form
of the monomial -SVR (18) thatas !'1  we must have ! 0 to ensure that the primal coB,., is nite. This implies
that in the limit !'1  the form of the quadric -SVR approaches the form of the LS-SVR.

B. Asymptotically Optimal Selection of

In section II-C, we showed that forSVR the theoretical ef ciencye is a function of! = —. We now show that may
also be expressed (somewhat indirectly) as a function @haking the usual assumptions), independent of q= r. The
advantage of this form is that, unlikg;, calculation of oy (the value of which results in maximum ef ciency) does not
require knowledge of .

Consider the regularised cost function in its primal form:

R

: ce) — T C C q q
W.brlm_n ' Ror (i) = swiw+ = "+ N o
such that: w™' (xj))+ b z i

wT' (xi)+ b zi
: 0
0

where the positivity constraints on and may or may not be super uous; ardq 2 Z* . First, we note that:

@gq;r: r1+Nli|i iql%"' in%_i
wheré:
e . 0 ifgkx)>zi or(@x)=z ; > 0)
@ 1 otherwise
@, _ 0 ifgxi)<zi+ or(gxi)=z+; > 0)
@ - 1 otherwise

4We have taken some liberties here when calculating this atéré which is not actually well de ned. However, the ratechange as is either increased
or decreased is well de ned, which is what we are indicatiegeh
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and hence: 8 )
3 N g=1; < 0
@ -c TN g=1; > 0
@ [
2 N g1y 91 otherwise
8 i=1
3 11w q=1; < 0 (22)
¢ W a=1; > 0
B [
2o Ni iz g(x)j* ' otherwise

We aim to select to arrive at a specic . In order to achieve this, the optimality conditi B = 0 must be met for
this particular value of. In other words, ifg 2 we require that:

- 1

z w' (x)+b *?

Applying the usual assumptiong(x) = b, N !'1 ), we nd that in all case%
h i

= a2t T )T g ()d
where, as usual, = —, anddgg ( ) is de ned by (12) . Ifg= r then:

=2!1QT1( 1)% Yo ()d (23)

This implies that ifq = r then may be selected to achieve a particular ef ciergyect (assuming said ef ciency is
achievable) by nding! required to achieve this and then substituting this intordlevant expression for. At no point is
it necessary to use, so only the noise type is required.

Note that if we selectj= r =1, we can retrieve Smola's original result [14]:

R
=1 psa () d
from which see that for a standardSVR if =1 then,inthelimitN !'1 ,! = =0.
Generally, ifq= r then in order to achieve maximum ef ciency we should choose:
1q Rl q 1
opt :2!opt | ( !opt) Osta ( )d

opt

where: T
Popt = argimln Ty

C. Sparsity of the Monomial-SVR

We have shown in theorem 5 that, under the usual assumptions:
. Ry
Jim 58 =20 da () d

which is a 1-1 function (oh  0) if the distributiongsy ( ) is positive on 0. We have also shown in the previous section
that (again using these assumptionsy i# r then from (23):

=2!1Qﬁ1( 1) g ()d

which is also a 1-1 function (oh Q) if ggg ( ) is positive on 0.
These two functions demonstrate that in general thereseaigtirect relation between the asymptotic valde (1 ) of
the fraction of support vectors in the training set (and leetiie sparsity of the solution) and the parametein general, the

51f g =1 then in the limitN ! 1 (22) becomes:

8
< ro1 i Ns
im @R - o nggn N if <
NI @ oot im NE i o> 0
N1
which is well de ned, as theorem 1 states trmn '\:\‘—S = Nllpl’l NN—E For optimality, @—Z‘)’L =0, and so using theorem 5 it follows that,df=1:
' ' R
= b2t rhl gy ()d
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TABLE |
OPTIMAL — AND FOR STANDARD AND QUADRIC (LABELLED (S)AND (Q), RESPECTIVELY) -SVRAND -SVRMETHODS WITH POLYNOMIAL
ADDITIVE NOISE OF DEGREEL  p 6, AND ASYMPTOTIC SUPPORT VECTOR RATIOS AT OPTIMALITY.

Polynomial degree|| 1 2 3 4 5 6 |
Optimal — (S) 0 061 112 136 148 1.5¢
1
1

Optimal  (S) 054 029 019 014 011

Jim RE (s) 054 029 019 0.4 0.1]

Optimal — (Q) 0 0 061 097 117 1.30
Optimal  (Q) 1 1 056 0.18 0.09 0.05
Jfim Ns (@ 1 1 059 039 030 0.23

exact nature of this relation will be dependent of the formttaf noise process affecting the training data. In the speaise

g=r =1 (i.e. standard -SVR), we see that: R,
=2 1 qStd( )d
and so:
= lim &=
N1

which coincides with the asymptotic form of theorem 6.

IV. PERFORMANCE IN THEPRESENCE OFPOLYNOMIAL NOISE
To gain a better understanding of the method, we will considparticular example where the training data is affected by
additive noise that is polynomial in nature (this (i)nqludeau@sian and Laplacian noise as special cgses2 andp = 1
respectively). For polynomial noisesq ( ) = cpe %’ " p2z*, where:

%=y )
cg_

We will consider the related questions of optimal paramséection and sparsity, comparing Smola's standagVR, our
monomial -SVR and Suykens' LS-SVR method.

|

—~
=1
~

A. Asymptotically Optimal Selection ofand

Using (13) and (23) it is not dif cult to show that under theuas assumptions, for a monomiatSVR, denoting the
ef ciency of an orderg monomialSV R for a training set affected by polynomial noise of orgease,q (! ) (under the usual
assumptions), and likewise the connection (23) betweand! as ,q(;! ):

8 2c8!P .
. E—io;p(!) if g=1

(! = 2, )

AR I E T R I CED B @9
pcg P Kaq 2p (c3i! )
os = oy B (25)
(2 3) (3)
pa (G ) = %%kq 1p Cg;! (26)
where we have de ned: Ry
kmp (;1)=pe , ( N"e 'd
=Pt b 27)
I P 1

i=0
form22ZnZ andp2 Z*; and ( a;x) is the complementary incomplete gamma function [23]:
R
(a;x)= . t2 le gt

Table | shows the optimal values forand for polynomial noise of degreé p 6 for both standard and quadric
-SVR and -SVR (source [14]). Unsurprisingly, the optimal value fofor the quadric -SVR in the presence of Gaussian
noise p = 2) is 0, as in this case the quadrieSVR primal and the maximum-likelihood estimator both taroximately
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0 0.2 0.4 0.6 0.8 1 12 14 16 18 2 0 0.2 0.4 0.6 0.8 1 12 1.4 16 18 2 0 0.2 0.4 0.6 0.8 1 12 14 16 18 2

Fig. 1. Comparative inverse asymptotic ef ciency versusof standard -SVR, quadric -SVR and LS-SVR for polynomial noise of degreks p 6.
In all cases, the solid line represents the ef ciency of giad-SVR, the dotted line the ef ciency of standardSVR, and the dashed line the ef ciency of

the LS-SVR.

the same form if =0 andC is large (just asq, = 0 for standard -SVR in the presence of Laplacian noige<1)). Note
also that, for the cases represented in the tagje,> O for all p>q and o, =0 for all p . Generally:

Theorem 9:Under the usual assumptions, given a set of training datctefl by polynomial noise of degr@e= g with
non-zero variance, the optimal valugg which maximizese) for the parameter as de ned by (24) will be zero.

Theorem 10:Under the usual assumptions, given a set of training dattefl by polynomial noise of degr@e> q with
non-zero variance, the optimal valug which maximizese) for the parameter as de ned by (24) will be positive.

Conjecture 11:Under the usual assumptions, given a set of training datetaffl by polynomial noise of degree< g with
non-zero variance, the optimal valugg which maximizese) for the parameter as de ned by (24) will be zero.

The proofs for theorems 9 and 10, and a partial proof of cemjecll (which we have observed experimentally to be try
forall1l g 21000 may be found in appendix I.

Figure 1 shows the inverse asymptotic ef ciency versufor both standard and quadrieSVRs, as well as LS-SVR. Note
that with the exception of Laplacian noige<£ 1) the optimal theoretical ef ciency of the quadrieSVR exceeds the optimal
theoretical ef ciency of the standardSVR. Also note that the ef ciency of monomiadSVR methods exceeds that of LS-SVR
forall p> 2.

Finally, gure 2 shows the inverse asymptotic ef ciency sas for both standard and quadrieSVRs, as well as LS-SVR.
The important thing to note from these graphs is that, aljhae range of is much larger for quadric-SVR methods than
for standard -SVR methods, the ef ciency itself quickly attens out. Inagticular, although the theoretically optimal value
for Gaussian noise is!'1 , it can be seen that even when= 1 the ef ciency is very close to it's maximune = 1. Also
note the comparative atness of the ef ciency curves for di@ -SVR.

B. Sparsity Issues
In the case of polynomial noise, theorem 5 implies that fonamial SVRs:

H Ns — 2 0.
Jm = ke o

We have already observed that for monomigbVRs:

_ 2¢, 1 0.
~ (1) = P _ L . |
g () —1_pcp05 K Kq 1p Coi’

Or, in the two cases of particular interest (standayd () and quadricd=2) -SVR):
p;1(! ) = ZCp; ko;p Cg;!

pczp"p

~ 2 1 0.

p2(!) = oo, 0F 25 ikip !
P
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Fig. 2. Comparative inverse asymptotic ef ciency versusf standard -SVR, quadric -SVR and LS-SVR for polynomial noise of degreks p 6.

In all cases, the solid line represents the ef ciency of giad-SVR, the dotted line the ef ciency of standardSVR and the dashed line the ef ciency of
the LS-SVR. Note that for all graphs thescale differs for standard and quadrieSVRs. For standard-SVRs, the actual setting for is one tenth of that
indicated on the x axis (for quadric-SVRs, is as indicated).

In the caseg= 1, as expected, this implies:
lim N =
N1

The caseay = 2 is slightly more complex, and best illustrated graphicallfe do this in gure 3, which shows our predictions
for the fraction of support vectors found as a function ofor both standard and quadricSVR methods for polynomial
noise of degred p 6. Note that the general shape of the curves is essentialhigdd in all cases. Generally, the fraction
of support vectors found by the quadrieSVR will increase quickly while is small and then level out, approachitigas

11 (as expected, given that the LS case corresponds with and treats all vectors as support vectors).

Table | gives the expected asymptotic ratio of support wsdi training vectors when is optimally selected for the usual
degrees of polynomial noise. On average, the results giveéhe table imply that quadric-SVRs may require approximately
twice as many support vectors as standaifVRs to achieve optimal accuracy on the same dataset. Tdyshe understood
by realising that the act of extracting support vectors iseesally a form of lossy compression. The modi edSVR is
(theoretically) able to achieve more accurate results gtandard -SVR because it can handle more information (by using
less compression or, equivalently, nding more supporttees) before over- tting (and subsequent degradation iriggenance)
begins.

V. EXPERIMENTAL RESULTS

Due to the restrictive assumptions made when deriving theltefor theoretical ef ciency given in the preceding sexs
(which will, in the strictest sense, never be satis ed foy 8VR), it is important that we seek some form of experimental
con rmation of these results. This is our aim in the presesdtion.

For ease of comparison our experimental procedure is maatelh that of [24]. We have numerically computed the risk
in the form of root mean squared error (RMSE) as a function &r both standard and quadricSVR methods, allowing
clear comparison between the two methods. We also competBMSE for Suykens' LS-SVR, which is the limiting case of
qguadric -SVR as !1 , and (non-sparse) weighted LS-SVR [11]. Plots of risk versare given for polynomial noise of
degreel p 6 to compare the theoretical and experimental results, ante gelevant results are given for the effect of
other parameters on thecurves.

Finally, we compare the sparsity of standard and quadi®VR for different orders of polynomial noise p 6, and
compare these results with the theoretical predictions.

As in [24], the training set consisted @D0 examples(Xx;;zj) wherex; is drawn uniformly from the rangg 3;3] and z
is given by the noisy sinc function:

Zi = sinc(xi)+ i
— sin( x i) +

X i
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Fig. 3. Comparative asymptotic fraction of support vectorswe of standard and quadric-SVR for polynomial noise of degrees p 6. In all
cases, the solid line represents the ef ciency of modi e®VR and the dotted line standardSVR. Note that for all graphs the-scale differs for standard
and quadric -SVRs. For standard-SVRs, the actual setting for is one tenth of that indicated on the x axis (for quadri&VRs, is as indicated).

where ; represents additive polynomial noise. The test set catsist500 pairs (X;; zj) where thex;'s were equally spaced
over the interval 3;3] andz was given by the noiseless sinc functi&O trials were carried out for each result.

Quadric -SVR, standard LS-SVR and weighted LS-SVR code for this erpmnt was written in C++ and compiled using
DJGPP on a 1GHz Pentium Il with 512MB of memory, running Wing 2006. Experiments using standardSVR methods
were done using LibSVM [16].

By default, we set the paramet€r= 100 and noise variance = 0:5. In all experiments we use the Gaussian RBF kernel

x yk?
where2 2, ., =1 by default.

1
k

. Y — 2
functionK (X;y) = € ? femel kernel

A. Additive Polynomial Noise

In our rst experiment, we have used training data affectgdoblynomial noise of degreé@ p 6. Plots of RMSE for
standard -SVR, quadric -SVR, LS-SVR and weighted LS-SVR are shown in gure 4. Witle #xception of Laplacian noise
(p = 1), these results resemble the theoretical predictions shiowgure 2. Note that the quadric-SVR outperforms both
standard -SVR and (weighted and unweighted) LS-SVR in all cases excaplacian noisef= 1).

Whilst the general shape of the RMSE curves closely resentideshape of the predicted ef ciency curves, it is important
to note that the sharp optimum predicted by the theorypfor 4 (see gure 2) is not present in the experimental results.
Instead, the region of optimality is somewhat to the rightte§é and also somewhat blunter.

From an application point of view, this is actually an adem®, as it means that results are far less sensitive tttan
expected. Indeed, from these results we can empiricallytisztythe “sweet spot” for lies betweerD:5 and 1 for polynomial
noise of degre@ 3 and anything abov@ otherwise. But, roughly speaking, selecting= 1 will in all cases presented give
results superior to the standardSVR method and at least comparable to the LS-SVR methodg(bep 3).

In the case of Laplacian noise the actual performance (mgef RMSE) of both the quadric-SVR and the LS-SVRs are
better than that of the standardSVR, whereas theory would suggest that this should not bectise. We are unsure as to
why this anomaly occurs.

Figure 5 shows the ratio of support vectors to training vecfor both standard and quadrieSVRs as a function of .
These curves closely match the predictions given in gurét 8 clear from gures 4 and 5 that, as expected, the number of
support vectors found by the quadrieSVR is substantially larger than the number found by thedded -SVR. However,
this is still substantially less than the number of suppa@tters found by the LS-SVR (which uses all training vectss a
support vectors).

B. Parameter Variation with Additive Gaussian Noise

In our second experiment, we consider the performance ofthedard and quadric-SVR in the presence of additive
Gaussian noise as other parameters of the problem (pariicul (the noise variancelz and emel ). In particular, we wish

Scode available at http://www2.ee.mu.oz.au/pgrad/apsti/sv
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— quadric nu-SVR
- - standard nu-SVR
- - LS-SVR

0.3 Weighted LS-SVR | + 0.3r 0.3

Fig. 4. Risk (RMSE) versus for sinc data with polynomial noise of degree? f 1; 2; 3; 4; 5; 6g working left to right, top to bottom (c.f. [24], gure 2).
In all cases, =0:5, C =100 and2 femel =1. Note that for all graphs the-scale differs for standard and modi edSVRs. For standard-SVRs, the
actual setting for is one tenth of that indicated on the x axis (for modi edSVRs, is as indicated).

to see if the RMSE versus curve retains the same general form as these parameteraréd. v

The top row of gure 6 shows the form of the RMSE versusurve for a range of noise levels. In all cases the form of the
curves remains essentially unchanged. It will be noted,dvew that for the lowest noise case= 0:1) the standard -SVR
is able to out-perform the quadricSVR. We are unsure as to why this occurs. Once again, sgecti 1 gives reasonable
performance in all cases (c.f. Smola's result for standa@VR [9], where the “optimal area” is 2 [0:3; 0:8]).

The middle row of gure 6 shows the same curve with the noiseaveee xed for different values ofC, namely
C 2 f10;100 100Qy. Once again, the RMSE curve for quadrieSVR is roughly as predicted, and> 1 gives reasonable
results. In this caseZ = 10 provides an anomalous result.

Finally, in the bottom row of gure 6 , we give the RMSE versuscurves when the kernel parame®r, ., is varied.
These results follow the same pattern as for variation aidC.

It is interesting to note here that, while the RMSE versusurve obtained using the quadrieSVR ts more closely the
predicted curve than does the same curve for stande€B¥R when parameters are chosen badly, this does not imply th
the performance of the quadricSVR will necessarily be better than the standar8VR in this case. Indeed, the two cases
where other SV parameters (i.e. ngthave been chosen badly (i€.= 10 and2 2, =0:1in gure 6) are the two cases
where the standard-SVR most outperforms the quadricSVR. However, as one should continue to search until apjatiep

parameters are found, this should not be too much of a probigmactical situations.

VI. CONCLUSION

In this paper we have reviewed the standard SVR techniquesSMR and -SVR. Motivated by the relative merits and
demerits of these approaches, we then introduced a new, gereral form of SVR (monomial -SVR). We proceeded
to investigate a special case of monomiaSVR (quadric -SVR) in some detail and showed that the dual form of the
quadric -SVR dual problem is signi cantly simpler than the standaréSVR dual. We have compared the theoretical
asymptotic ef ciencies of our proposed formulation againther SVR methods under certain restrictive assumptiGns.
investigation indicates that the quadrieSVR method not only shares the standar@VR method's property of (theoretical)
noise variance insensitivity, but is also more ef cient iramy cases (in particular, when the training data is affedted
polynomial noise of degrep  2). These predictions have been experimentally tested, antparisons have been made
between the performances of quadrieSVR, standard -SVR, standard LS-SVR and weighted LS-SVR methods in the
presence of higher order polynomial noise. Based on thesdtsewe conclude that the theoretical predictions giveseful
insight into the characteristics of the various methodghBbeoretical and experimental results indicate thatquarance of
the quadric -SVR method in many cases exceeds that of both stand®dR and LS-SVR.



16

Fig. 5. Number of support vectors (out 00 training vectors) versus for sinc data with polynomial noise of degrpe f 1; 2; 3; 4; 5; 6g working left to
right, top to bottom. In all cases, = 0:5, C =100 and2 I%ernel =1. The dotted line gives results for standaréS8VR, while the solid line gives results
for quadric -SVR. Note that for all graphs the-scale differs for standard and modi edSVRs. For standard-SVRs, the actual setting for is one tenth

of that indicated on the x axis (for modi ed-SVRs, is as indicated).
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Fig. 6. Risk (RMSE) versus for sinc data with Gaussian noise (c.f. [24], gure 1). The tmw shows performance for different noise variances,
2 f 0:1; 0:5; 1g from left to right, withC = 100 and2 ,femel = 1. The middle row gives performance f@ 2 f 10; 100; 1000g, respectively, with
=0:5and2 2, =1.Finally, the bottom row shows performance ®rZ, ., 2 f 0:1;1;10g, respectively, with =0:5 andC = 100. Note that for

all graphs the -scale differs for standard and quadrieSVRs. For standard-SVRs, the actual setting for is one tenth of that indicated on the x axis (for

quadric -SVRs, is as indicated).
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APPENDIX |
PROOFS OFTHEOREMS

In this appendix we give proofs for theorems 10 and 9, and @apgroof of conjecture 11. Before proceeding, however,
some preliminary results are required. In what folloBs(x;y) is the beta function[25]:

B (xiy)= 0%

It is straightforward to show that:

Mkm 1p( ;1) ifm>0

ﬁkm;p(;!): ppe!p if m =0 (28)
kmp (;0)= 7 ML (29)
Theorem 12: |II’73 X (ax) = l for alla> 0.
Proof: Usmg the Euler I|m|t form of ( x) [26], it can rl])e seen that: |
x(ax)—lerl11 1+ 2% gt
and thereforellm X (ax) = ]

Theorem 138(a+ C; b)>B (a;b+ c) foralla>b, a;b;c>0; andB (a+ c;bh <B (a;b+ ¢) foralla<b, a;b;c>0.
Proof: From [25], section 1.5, equation 5, it can be seen that:

B(a+cih = 5((;3*38 (a;b+ )

(30)

‘{’;f) B (a;b+ 0)

(atc)

But the gradient ¢ (x) of In( ( X)) is a monotonically increasing function &> 0, and so for alla > b, a;b;c > 0:
In((a+c) In((a)>In((b+c) In((b)

and hence% > ((af)c) for all a > b, a;b;c > 0. Using (30), it follows thatB (a+ c;b > B (a;b+ c) for all a > b,
a; b;c > 0, which proves the rst part of the theorem. The proof of thewa part is essentially the same, except that, as
a<b, ((bf)c) < % and soB (a+ c;b <B (a;b+ ¢) foralla<b, a;b;c>0. ]

We may now proceed to the proofs of theorems 9 and 10.

Proof of theorem 9From (24), ifp = q then, usmgq (29) (and noting that( x) = ( x+1)):

2 %o fp=1
ep (0) = ﬁ> p 1 K§ oop(i0)
8( ) pogr  Kzo 2 (c5:0) tp 2
21 ifp=1
= papd Ly
> if 2
'8 p2cg P cogp‘ 2(2 %) P
< 1 ifp=1
= 2 207 1 .
12 222 2; ifp 2
=1
But epq (') 1 by the Cramer-Rao bound [21], so optimal ef ciency is ack@vor! = — = 0. Hence oy =0 is a
solution.
Proof of theorem 10Note thate,q (! ) 2 C? for ! 0. Note also that the range ¢fis! 2 [0;1 ). If o, = 0, and

hence! oot =0, €54 (! ) must have a (global) maxima &t= 0, which implies that the gradler# (1) of gyq (!') must be
non-positive al0.” Given this, to prove the theorem, it is suf cient to prove ttiiae gradlemepq (! ) of gpq (!) at! =0 is
positive for allp > q (intuitively it may be seen that if the gradient is positivezaro then increasing must result in an
increase ingy,q (! ), and sol =0 cannot be a maxima @, (! ), global or otherwise).

Using (28), it is straightforward to show thef,, (! ) = dyq (! ) €3, (! ), where:

%e coreP 2(331 %!P lko;p cg;! q=1
0 koo 1 Qe ot Ken(st) s
&a(t)=_p o0 %7 G o (egr) 4 (31)

0. 0.
5 0b(a 1) ka 20 (i) 0t keq 2p(cpi!)
B @ D kg ap (1) P kag ap(@i) 9 3

“As! =0 is at the end of the rande 2 [0; 1 ) it follows that if the gradient is negative &t=0 then there will be a local maxima at that point.
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and:

8 pcO%e ch!p
P =
(2 2)kZ, (@) a=1
2 (§) kop (53! Yk (c93!) q=2
dgsp (1) = p(3) (2 %)k%:p(cg;!
ap 2(q D%(q 2) (% ) .
% p2 %(é
.. kq ZP(C 1 )ka 3 (cpi! Ykaq 3 (cpit)
z 3
CRESTENSN Gl q

is a positive smooth function far 0, p;q2 Z* . Hence ife),, (0) > 0 for p>q 2 Z* thene), (0) > Oforp>q 2 Z*,
which is suf cient to prove the theorem. Using (28), for pllq2 Z*:

8 .
% 1 if g=1

0= b b G T @)
> a1 ng_zg ifq 3

Which proves the theorem in the cage= 1. Consider the casp > q > 2. Writhngg=2+ m, p=2+ m+ n, where
m;n 2 Z*, and using the resuk ( x)= ( x+1),ifq 3:

0 - 5 (%)
e.q(0) =
a0 = (e ()
2m+n+3 2m+3
—_ m+n+2 m+n+2
- 2m + n+2 2m +2
( mBn+2) m+n+2
— a+ b+ C .
- (a)( b (B (a+ C,b) B (a,b+ C))

wherea = 2MEn+2 > 0 ph= 2M*2 > gandc= 1. > 0. Asa > b, it follows from theorem 13 thaB (a+ c;b >
B (a;b+ ¢), and hence®(0) > 0, which proves the theorem for the case 3.
Suppose thah (and subsequently) is treated as a real number such that 0 (soq 2). The inequalityB (a+ c;b >

B (a; b+ c) will still hold, asa>b for alln2 [0;1 ), m> 0. Hence !|r721 eg.q (0) > 0. Furthermore, using theorem 12:
q 2r

(%) () L )
dm e EmD e b (3

which implies that:
€2 (0) = (!i!mr € (0)> 0

and soeg;q (0O)>0forallp>qg22ZzZ*. Henceeg;q (0)> Oforallp>qg 2 Z*, which proves the theorem.

Using an analogous method, we can also give a partial proobojecture 11:

Partial proof of conjecture 11To prove that o, = O it is necessary (although insuf cient) to prove treaty (! ) has a local
maxima at! = 0. By analogy with the proof of theorem 10 it is necessary toverthat the grad|ene° (!) of epq (1) at
I =0 is non-positive for allp < q. From the proof of theorem 1@.=pq (1) = dpg(! )eOq (1), dpg (! ) > o, forall! O,
p;q2 Z*, wheree, (!) is given by (31). Hence, i), (0) O, eg,q (0) 0, andeyq (') will have a local maxima at
I =0.

Asl<p<q,q 2 Ifg=2,p=1, and hence by (32&8;2 (0) = 1. Thereforeey,, (! ) has a local maxima dt = 0.
If g 3, writingg=2+ m,p=2+ m n,wherem2Z*,n2f1;2;:::;m+1g, it can be seen that i >q > 2:

040 = {405 (B (a+ ch B (ab+ o)

wherea = 20122 > 0, p= 2M*2 > gandc= L. > 0. Asa<b, it follows from theorem 13 thaB (a+ c;b <
B (a; b+ ¢), and hence?(0) < 0. Therefore, in generak,q (! ) has a local maxima dt =0 forallp>q2 Z*.

Now, if we could prove that this is anique(and hence global) maxima, it would follow thiag,: = o5t =0, which would
prove the conjecture. Alternatively, proving tk@q (*) Oforall! 0 would demonstrate that the maximalat= 0 is
global (although not necessarily unique) and thereby ptbeeconjecture. Unfortunately we have been unable to dereith

rigorously, and so the proof remains incomplete.
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