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Figure 8  Squared magnitude responses of the lowpass and highpass tunable PFs with fixed bandwidth 
and variable centre frequency (i.e., δ π0 0 1= . ) characteristics.  (a) Lowpass.  (b) Highpass.  The 

numbers inside the legend box represent the new normalised 3-dB cutoff frequencies (i.e., 
′ = +ω π ω π δ πc cT T 0 ).  The normalised filter bandwidths are still the same as those in Figure 6 (i.e., 

ω π ω π δ πc cT T= ′ − 0 ).  Note that the new normalised centre frequency is at ω πT = 0 1. . 
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(a)       (b)  

Figure 9  Squared magnitude responses of the bandpass and bandstop tunable PFs with fixed bandwidth 
and variable centre frequency (i.e., δ π0 0 1= . ) characteristics.  (a) Bandpass.  (b) Bandstop.  The 

numbers inside the legend box represent the new normalised 3-dB lower and upper corner frequencies 
( , )′ ′ω π ω πc1 c2T T , where ′ = +ω π ω π δ πc1 c1T T 0  and ′ = +ω π ω π δ πc2 c2T T 0 .  The 

normalised filter bandwidths are still the same as those in Figure 7 (i.e., 
( ) ( )ω ω π ω ω πc2 c1 c2 c1− = ′ − ′T T ).  Note that the new normalised centre frequency is at 

ω πT = 0 6. . 

Figure 8(a) and (b) show that the squared magnitude responses are shifted by ω πT = 0 1.  to the right 

of the frequency axis when compared with the corresponding squared magnitude responses shown in 

Figure 6 (a) and (b).  The normalised centre frequency has been shifted from ω πT = 0  (Figure 6) to 

ω πT = 0 1.  but the corresponding filter bandwidths of Figure 6 and Figure 8 remain unchanged.  

Similarly, Figure 9(a) and (b) show that the squared magnitude responses are shifted by ω πT = 0 1.  to 

the right of the frequency axis when compared with the corresponding squared magnitude responses 

shown in Figure 7 (a) and (b).  The normalised centre frequency has been shifted from ω πT = 0 5.  

(Figure 7) to ω πT = 0 6.  (Figure 9) but the corresponding filter bandwidths of Figure 7 and Figure 9 

remain unchanged. 

Thus, the centre frequency of a tunable PF can be tuned, without affecting the filter bandwidth, to within 

one free spectral range by applying an additional phase shift of δ0  (0 20< <δ π ) to the phase shifters 

of the FOAPPFs and FOAZPFs.  From the point of view of the pole-zero pattern, the effect of δ0  on the 

FOAPPFs and FOAZPFs is to rotate the poles and zeros in the angular anticlockwise direction relative to 

the z-plane.  As a result, the pole-zero pattern of the resulting tunable PF rotates by some angular 

movement of δ0  relative to the z-plane, and this has the effect of shifting the filter centre frequency by δ0  

to the right of the frequency axis. 
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3.8 Summary and comments on Filtering Characteristics of Tunable PFs 

As shown in Figure 4, the phase shifts of the lowpass (i.e., ψ ψ π1 2= = ) and highpass (i.e., 

ψ ψ1 2 0= = ) tunable PFs are out of phase with each other by π.  As described in section 3.2, the 

transfer function H zkaz, ( )  (for the upper output port) and the transfer function H zkaz,
* ( )  (for the lower 

output port) are out of phase with each other by π.  Thus, if the upper output port of the tunable PF has a 

lowpass magnitude response, then its lower output port has a highpass magnitude response.  As a result, 

the tunable PF can be used as a channel adding/dropping filter which passes certain wavelength 

channels in one output port, while leaving the other channels undisturbed in the other output port.  As 

shown in Table 4 and Figure 5, the phase shifts ψ1 and ψ2  of a particular filter type (bandpass or 

bandstop6) are out of phase with each other by π.  As a result, both the output ports of the tunable PF 

have the same filtering characteristics (bandpass or bandstop).  In summary, the filtering characteristics 

of the tunable PF is shown in Table 5. 

Output Ports Filtering Characteristics 
Upper Output Port (Output 1) Lowpass Highpass Bandpass Bandstop 
Lower Output Port (Output 2) Highpass Lowpass Bandpass Bandstop 

Table 5  Filtering characteristics at the output ports of the second-order Butterworth tunable PF. 

 
The largest value of the filter pole, which is limited by the loss of the waveguide loop [see Eq. (48)], is 

restricted to be $ .pk ≤ 0 85  [see Eq. (52)].  As a result, a tunable PF cannot be designed to have a very 

narrow or broad bandwidth, which requires $ .pk > 0 85 .  Thus, the allowable normalised bandwidths of 

the tunable PF are in the range of 0 1 0 9. .≤ ≤ω πcT  for the lowpass and highpass filters and 

0 2 0 8. ( ) .≤ − ≤ω ω πc2 c1 T  for the bandpass and bandstop filters.  These ranges of filter bandwidths 

are adequate for many filtering applications.   

The normalised filter bandwidth can be extended to its full range (i.e., between 0 and 1) by incorporating 

an erbium-doped waveguide amplifier (EDWA) into the waveguide loop of the FOAPPF to compensate 

for the loop loss.  However, this has the drawback of increasing the cost as well as the complexity of the 

filter structure, where the latter may degrade the filter performance unless undesirable effects associated 

with the EDWA are minimised. 

Note that the presented design method is applicable to higher-order filters.  The roff-off steepness of the 

magnitude responses of the tunable PF can be increased by increasing the filter order and hence the 

number of the FOAPPFs and FOAZPFs.  However, the lowest filter order should be used to meet a 

prescribed set of filter specifications to keep the cost and complexity of the filter structure to a minimal. 

                                                 
6For the bandstop filter, it has been found from MATLAB that the phase shifts ψ1  and ψ 2  are only out of phase with each other by 
π  if the normalised centre frequency is at the mid-band frequency (i.e., ω πT = 0 5. ), which is the case being considered here. 
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The filter design technique is presented in a general manner and is thus applicable in the design of other 

types of tunable PFs such as the Chebyshev I and II and elliptic filters, whose properties have been 

summarised in the Appendix.  Obviously, the choice of a particular filter type would depend on specific 

applications. 

4 CONCLUDING REMARKS 

• A digital filter design technique has been employed to systematically design tunable PFs with variable 

bandwidth and centre frequency characteristics as well as lowpass, highpass, bandpass and bandstop 

characteristics. An Mth-order tunable PF, which has been designed using integrated-optic structures, 

consists of a cascade of M FOAPPFs with a cascade of M FOAZPFs. 

• The effectiveness of the PF design method has been demonstrated with the design of the second-order 

Butterworth lowpass, highpass, bandpass and bandstop tunable PFs with variable bandwidth and centre 

frequency characteristics.  In this design: for a fixed centre frequency, the filter bandwidth can be varied 

by varying the parameters of the FOAPPFs and by keeping the parameters of the FOAZPFs unchanged, 

and for a fixed bandwidth, the filter centre frequency can be varied, to within one free spectral range, by 

adding an additional phase shift to the phase shifters of the FOAPPFs and FOAZPFs.   

• As a verification of the technique, an experimental development of the first-order Butterworth lowpass 

and highpass tunable fibre-optic filters has been carried out. In addition to the Butterworth filters, the 

proposed filter design technique is applicable to the design of other types of tunable PFs such as the 

Chebyshev I and II and elliptic filters, depending on the specific application. 
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6 APPENDIX : FUNDAMENTAL CHARACTERISTICS OF RECURSIVE DIGITAL FILTERS 

It is essential that the fundamental properties of various design techniques and general characteristics of 

recursive (or IIR) digital filters are summarised for readers who are unfamil;iar with these filters. Further 

details can be found in references [9], [10], [11].  This basic knowledge is required for the design of 

tunable PFs as decribed in this report.  

6.1 IIR Filter Design Techniques 

The common approach to the design of recursive digital filters involves the transformation of a recursive 

analog7 (or continuous-time) filter into a recursive digital filter for a given set of prescribed specifications.  

This is due to the availability of well-developed techniques for analog filters which are often described by 

simple closed-form design formulas.  In such transformations, the essential properties of the frequency 

response of the analog filter are preserved in the frequency response of the resulting digital filter.  The 

two well-known techniques used for converting Butterworth, Chebyshev I and II, and elliptic analog filters 

to their corresponding digital filters are the impulse invariance and bilinear transformation methods.   

In the impulse invariance method, the impulse response of a digital filter is determined by sampling the 

impulse response of an analog filter.  This technique requires the analog filter to be bandlimited to avoid 

the aliasing (or interference) effect and thus is only effective for lowpass and bandpass analog filters.  If it 

is to be used for highpass and bandstop analog filters, then additional bandlimiting is required on these 

filters to avoid severe aliasing distortion. 

The bilinear transformation method involves an algebraic transformation between the variables s and z 

that maps the entire imaginary axis in the s-plane to one revolution of the unit circle in the z-plane.  Thus, 

a stable analog filter (with poles in the left half-side of the s-plane) can be transformed into a stable digital 

filter (with poles inside the unit circle in the z-plane).  As a result, unlike the impulse invariance method, 

this method does not suffer from the effect of aliasing distortion.  However, it suffers from the effect of 

nonlinear compression of the frequency axis and thus is only useful if this undesirable effect can be 

tolerated or compensated for.  

An alternative approach, which is valid for both the impulse invariance and bilinear transformation 

methods, is to design a digital prototype lowpass filter and then perform a frequency transformation on it 

                                                 
7Analog filters are commonly designed using standard approximation methods, namely, the Taylor series approximations and the 
Chebyshev approximations in various combinations.  Specifically, these approximation methods are used to approximate the desired 
frequency responses of four different types of analog filters, namely, the Butterworth, Chebyshev I and II, and elliptic filters. 
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to obtain the desired lowpass, highpass, bandpass and bandstop digital filters.  However, the use of the 

frequency transformation technique in the design of a digital filter is not so straightforward because the 

analog prototype lowpass filter is generally not known to the designer.  Thus, it is necessary to “find” an 

analog prototype lowpass filter such that, after transformation, the resulting digital filter would meet a 

given set of specifications. Rapid advances in the field of digital signal processing in recent years led to 

digital filter design techniques with standard functions in MATLAB8. The design of the digital filters and 

hence tuneable optical filters described in this paper  

6.2 Properties of Recursive Digital Filters 

The three common types of recursive digital filters are the Butterworth, Chebyshev I and II, and elliptic 

filters, and their properties are summarised as: 

• Butterworth digital filters: They are characterised by a magnitude response that is maximally flat in the 

passband and monotonic overall.  They sacrifice roll-off steepness for monotonicity in the passband and 

stopband.  If the Butterworth filter smoothness is not required, a Chebyshev or an elliptic filter can generally 

provide steeper roll-off characteristics with a lower filter order. 

• Chebyshev I and II digital filters:  Chebyshev I filters are equiripple in the passband and monotonic in 

the stopband, while Chebyshev II filters are monotonic in the passband and equiripple in the stopband.  

Chebyshev I filters roll off faster than Chebyshev II filters but at the expense of passband ripple.  

Chebyshev II filters have stopbands which do not approach zero like Chebyshev I filters but are free of 

passband ripple.  Both the Chebyshev I and II filters have the same filter order for a given set of filter 

specifications.   

• Elliptic digital filters: They are equiripple in both passband and stopband.  They offer steeper roll-off 

characteristics than the Butterworth and Chebyshev filters but suffer from passband and stopband 

ripples.  In general, elliptic filters, although the most expensive to compute, will meet a given set of filter 

specifications with the lowest filter order. 

These types of digital filters have zeros located on the unit circle in the z-plane (i.e., z = 1), which 

greatly simplify the design of tunable optical filters. 

6.3 Transfer Function of Recursive Digital Filters 

For analytical clarity, the variables with a cap [e.g., $ ( )H z ] are associated with digital filters while the 

corresponding variables without a cap [e.g., H z( ) ] are associated with optical filters. 

The transfer function of the Mth-order recursive digital filter can be expressed in a rational form as 

                                                 
8MATLAB ™ employs the frequency transformation technique together with the bilinear transformation method with frequency 
prewarping in the design of the Butterworth, Chebyshev I and II, and elliptic digital filters with lowpass, highpass, bandpass and 
bandstop characteristics.   
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where $A  is a constant and z is the z-transform parameter [25].  Furthermore, $pk  and $zk  are the kth pole 

and zero in the z-plane, which can be expressed in the phasor forms as 

( ))ˆ(argexpˆˆ kkk pjpp =                    (0 1≤ <$pk ),           (A2) 

( ))ˆ(argexpˆˆ kkk zjzz =                             $zk = 1,           (A3) 

where arg  denotes the argument.  Note that the system stability requires the poles to be located inside 

the unit circle in the z-plane as described by the condition given in Eq. (2). 

Let the transfer function of the kth-stage first-order all-pole digital filter be defined as 

( )kpzk zH ˆ
1

,ap )(ˆ
−=                                                      (A4) 

and the transfer function of the kth-stage first-order all-zero digital filter be defined as 

( )kk zzzH ˆ)(ˆ
,az −=                                                    (A5) 

where the subscripts ap and az denote all-pole and all-zero.  The transfer function of the Mth-order all-

pole digital filter, which is the transfer function of the cascade of M first-order all-pole digital filters, is given 

by 

$ ( ) $ ( ),H z H zk
k

M
ap ap=

=
∏

1
.                                                (A6) 

The transfer function of the Mth-order all-zero digital filter, which is the transfer function of the cascade of 

M first-order all-zero digital filters, is given by 

$ ( ) $ ( ),H z H zk
k

M
az az=

=
∏

1
.                                                 (A7) 

The transfer function of the Mth-order recursive digital filter, as given in Eq. (1), can be written 

alternatively as 

$ ( ) $ $ ( ) $ ( )H z A H z H z= ⋅ ⋅ap az .                                       (A8 


