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Abstract

Optic flow computationis one of the mostfundamental
problems in the realm of visual motion. In this

contribution,we presenta novel optic flow computation
method basedon a thin-plate spline representatiorof

image brightnessdata. Using a spline-basediescription
of image brightnessdata removesthe need for pre-

smoothingand providesan algebraicmeansto compute
the optic flow (explicitly). This method can be

generalisedo solve a wide rangeof image registration
problems. A set of results on a number of standard
motion sequences is also presented.

1 Introduction

During the lasttwo decadesherehasbeenanincreasing
interestin analysingimagesequencesnd,in particular,
in recovering the optic flow field. Although many
methods for estimating the flow field have been
proposed,a practical real-time solution to this problem
remainsa challenge The currentexistingmethodgor the
optic flow computation are mainly based on the
following approaches:

- Correlation techniques

- Phase or energy techniques

- Differential techniques.

The comparisonstudy of Barronet al. [1] showedthat
the phasebasedtechniquesusually provide the most
accurateestimatef the flow field. Recently,a few new
differential techniqueshave been published and their

accuracyis comparablewith the phasebasedtechniques
(Szeliski& Coughlan1994 and Weber& Malik 1995).
Differential techniquesareoftenthe prime candidatesor

real time applicationsdue to computationaleaseand
speed.

The accuracy of any differential technique mainly
dependon the accuracyof estimatingderivativesof the
imagebrightnesgunction. Although the finite difference
method,dueto its simplicity, hasbeenthe mostpopular
method for estimatingthe derivatives,it suffers from
certaindraw-backsThe finite differencemethodhasno
meansto distinguish betweennoise and the true data:
thus the resulting estimates can be corrupted by noise.

To eliminate the noise problem, most of the proposed
optic flow methodsrely on pre-smoothingthe image
functions using Gaussian filters.  Successful
implementation of this remedy requires some prior

knowledge about the noise and the visual data, often

acquiredthrough an expensivetrial and error process
which is simply not affordable in any real-time
application. Moreover, an algorithm for automatically
derivingthe smoothingparametersf the Gaussiarfilters

used has not yet been found. It is interesting to thatiea

similar problemalsoexistsin phasebasedtechniquesn

thattheir performancdargely dependson the methodof

tuning the frequencyresponsef the differentfilters and
determiningthesealsorequiresinformationnot knownin

real-time applications.

In this paper,a new framework, basedon interpolating
thin-plate splines,for estimatingthe optic flow field is
proposed.The key differencebetweenthis methodand
otheroptic flow methodss thatwe explicitly recoverthe
underlying function of brightness data by using
interpolating thin-plate splines. In doing this, the
derivativescan be calculatedsymbolically (off-line) and
their subsequennumerical evaluationis consequently
very fast. This proposition should not be mistakenfor
optic flow methods using a spline to representthe
velocity field [2,3], or the standardHorn and Schunck
method[3] which usesa membranespline representing
thevelocity field. The proposednethoddoesnot require
any pre-smoothingof images. This contributesto fast
(real-time) computation of optic flow field.

The major contributionof this paperis the proposalof a
novel method for estimating the derivatives of the
brightness intensity function. We also derive the
necessaryormulationfor computingthe optic flow field
explicitly, assuminga simple translationalmodel. The
extensionof this work to include any model of motion
(eg. affine) is straightforward and will be addressedn
future.

The proposedmethodusesonly two images(as opposed
to most methodsusing a sequenceof more than two
images)and, unlike most of the existing methods,does
not have severaltuning parametersAll the necessary
parameterén our frameworkareexplicitly deducedrom
the input data. Thpatch size is the only parameteteft to
the user'sjudgmentand,aswe show later, it dictatesthe
trade off between accuracy and speed.



2 Spline Representation

The datafitting problemin high dimensionshasattracted
much attention and many approacheshave been
proposed. Among these methods, the spline based
approachesprovide satisfactoryanswersto regression
problemsof recoveringunknown functions from noisy
data.The recoveredfunction providesa valuablemeans
for further studiesof the datarangingfrom calculating
the derivativesto statistical analysis.Many techniques
for constructingthe splinefunctionshavebeenproposed
but elaboratingon them is beyond the scope of this

paper.

The image brightnessfunction can be recoveredby

fitting a surfaceto a discretesetof availablevisual data.

One of the common approachesfor solving this

regressiorproblemis known asthe variationalapproach.
The variational approadk adoptedn this paperbecause
of its ingeniousway of computingthe parameter®f the

resulting spline. This approachis also capable of

modelling the noise which is essential for accurate
estimationof derivatives.Also, to keepthe formulation

simple, we consider the simplest member of surface
spline family known as the thin-plate spline.

The next sectionsare dedicatedto describingan elegant
method of characterising thin-plate splines by a
reproducing kernel Hilbert space approach.

2.1 Thin-plate Splines

Thin- platesphnesarethefamousmembersof afamily of
surfaceor D! splineswhich resultfrom the solutionof a
variationalproblem.Meinguet[4] andWahba[5] solved
the following minimisation problem. Considering the
following model (1) for a setof noisy data;the problem
is to find the function f(x,y) 0 H (a suitable spaceof
sufficiently differentiable functions) which minimises:

¢(s) = 0(s) +An(s) @

where A is the smoothing parameterand §(s) and
n(s) are given as:
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in which (x;,y;) is thelocatlonof the datapoint, fj is the
correspondinglataand m is the numberof datapoints.
The smoothing parameter,A, controls the trade off
betweerthefidelity to the datameasuredy &(s) andthe
roughness of the solution measurdiy n(s). Interpolating

splines are associated with
A=0.

The simplestmemberof this family, the thin-platespline,

corresponds tb=2 and takes the form of:
m

f(x,y)= Z aKi(X,Y) tatanoX +am.y
I:
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The spline parametersy in equation(4) are determined
by solving the following systemof linear simultaneous
equations:

Aa=f (7)
where:
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andl is the m by m identity matrix.

2.2 Numerical Computation

There are some issues to be addressed,from the
numerical point of view, about calculating thin-plate
splines.First of all, the numberof coefficientsthatneeds
to be determined is directly proportionalth@ numberof
data points and therefore,for large data points (greater
than a few hundreds),the computationwould be very
expensive.Secondly,the coefficient matrix A is dense



and ill-conditioned (the diagonalelementsare zero for
interpolating spline - A = 0 - while the off-diagonal
elementscan be quite large). Although theseissuescan
causeseriousproblemsfor fitting the scatterediata,they
do not haveany seriousconsequencef®r the dataovera
rectangulargrid (luckily, computervision problemsare
often set on a rectangulargrid). In fact, a simple LU-
decompositiorcan easily andreliably solve the problem
where the data are on a rectangular grid.

The interestingpoint, not to be overlooked,is that the
coefficientmatrix A is only afunction of x andy andnot
of the value of the function at the datapoints (assuming
that the smoothingparameten is known). Therefore to
solve for the parametersof different splines over the
samegrids,theinverseof the A hasto be calculatedbnce
and this can be done prior to the start of optic flow
computation.So, in recoveringthe motion field, one
must choosethe samesize for all the patchesto exploit
the advantagef this feature(it is, in any case,common
to have patchesof equalsize in most of the optic flow
methods)In view of the aboveconsiderationsa matrix
(m by m) by vector (m by 1) multiplication is the only
on-line computationrequiredto calculatethe parameters
of a splinefunction representindghe brightnesdataof a
patch in an image.

3 Problem Definition

The optic flow problem for two sequentialimagesis
often formulated as follows. Given two images, we
assumethe secondimage I>(x,y) is formed by locally

displacing  the  first image  11(xy) by
(AX,AY) and therefore we have:
L (X% +AX,Y, +AY) =1,(%.Y;) (11).

Thegeneralproblemis to recoverthe displacementield
AX and AY. Expandingl(x,y) in its first order Taylor
seriesform resultsin the well-known image brightness
constraintwritten in terms of displacementsnstead of
velocities (Fennema & Thompson, 1979):

E=1o06,Y5) —14(%.Y;)
(12)
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This equationshowsthat for every point in the image
function, there existstwo unknownsand one constraint,
and,consequentlythe numberof solutionsare unlimited
(i-posed problem). In order to solve this problem, an
extraassumptiorhasto be madewhich differs in various
optic flow algorithms.

One way of reducing the number of solutionsto the
above problemis to assumethat, for every pixel in a

given image, there existsa small spatial neighbourhood
over which the motion can be approximatedby planer
translation. This is the mosimpleandyet mostcommon

model of motion. For small patches, a translational model

is a relatively good approximation for the flow field.

The well known maximumlikelihood estimationgives the
solution of the statedoptic flow problem by minimising,
overAX andAY, the ordinary least squared erodefined
as:

E= Z (04 +AX Y +AY) =1(x y))?  (13).

The leastsquareapproximationis a maximum likelihood
estimation if the errors are independentand normally
distributed withconstanstandardieviation.Also, by using
the ordinary leastsquaresapproachpne assumeghat the
measurementis x andy coordinatesare error free andthe
noiseis only distributedin the intensitymeasurement his
minimisationproblemusuallyhasmanylocal solutionsand
different methodscan be employedto find the optimal
solution. In the following section the methodology for
solving this minimisation problem is explained.

3.1 Explicit Solution

One of the advantageof representinghe image intensity
data using splines is that it provides opportunity to

explicitly solve the least square problem (13) for the

unknowntranslationatomponentsSincethe mathematical
descriptionof 11(xj,yj) is expressedby its thin-platespline
representation (equation 4), we can set the partial

derivativesof the ordinaryleastsquareerror (equation13)

with respecto AX andAY to zero.This resultsin a system
of two non-linear simultaneousequationswhich can be

solvedusing the Newton-Raphsomethod.It is important
to note herethat the secondorder derivativesare defined
everywhereexcepton thedatapoints. Therefore to usethe

Newton-Raphson method, which requiresc¢hkulationof

the secondorder derivatives,the computationhas to be

performedon somepointsin the spatialneighbourhooaf

the grid points but not on the data points. In our

implementation,we have calculatedthe derivativeson a

grid shiftedup andright by half the horizontal(or vertical)

distance between two data points.

4 Performance

Any algorithm for estimatingthe flow field of a 3-D
structured scene is likely to fail due to occluding
boundariesand or lack of texturein a specific patch.
Therefore,a reliable algorithm hasto have somemeans
for measuringthe confidence associatedwith every
estimates. Although investigating a more suitable
confidencemeasures the subjectof our currentwork,



we have useda very simple confidencemeasurein the
results presentedchere. According to this measure(CM

seeequation18), all the estimatesfor which their least
square error E (equation 1&iyvided by the sumof all the
datapointsin a patchis morethan0.04 are regardedas
outliers.

cM=—_°F

Z 11(X%,y1)

The proposedconfidencemeasures only one of many
(perhaps the most simple one) that cdomind. A more
suitableandeffective confidencemeasurewill contribute
to better results both in terms of averageerror and
density.

(18)

We will compareour resultswith the resultsfor the Fleet
and Jepson (1990) algorithm (as the most accurate
method) and the Nagel (1983) algorithm (becauseit

theoretically is the closest method to ours).

4.1 Theoretical Performance

The theoreticalperformanceof every algorithm can be
measuredy applyingthe algorithmto a setof synthetic
inputs. The true motion field for theseinputsis known
accuratelyand, therefore, the quantitative performance
can be easily studied.As indicatedby Barronet al. [1],
the measureof performanceon syntheticimagesshould
be takenas an optimistic bound on the expectederrors
with real image sequences.

Following Barron's paper[1], to study the theoretical
performanceof the presentedalgorithm, we presentand
analyse the results an image sequencesknown as
Snusoidl [1].

The Snusoidl image sequence is created by
superimposingwo sinusoidalplane waveswith spatial
wavelengthof 6 pixels, orientationof 54° and-27°(with
horizontal axis) and speeds of 1.63 and 1.02
pixels/frame respectively.Therefore,the resultingplaid
patterntranslateswvith velocity of 1.585in horizontaland
0.863 in vertical directions.

The following figures show a sampleof this sequence,
followed by the error analysison the resultswhich are

tabled for the ease of comparison. The errors are

measuredn degreeswhich representhe angle between
the estimated and the true motion vector in the

homogeneous coordinates [1].

Figure 4.1 A sample image of Sinusoid1l sequence

Algorithm (patch size Avg. | Std. Dev|Density
Error

Nagel 255 | 0.93 | 100%

Fleet & Jepson 0.03 0.0 | 100%

Spline Based (5x5)| 2.714 | 1.300 | 100%

Spline Based (10x10 0.98% | 0.434 | 100%

Spline Based (15x1§ 0.532 | 0.177 | 100%

Table 4.1 Sinusoidl results on translational speeds

4.2 Real Data Performance

In this section,the calculatedoptic flow field for four
well-known real image sequencesare presented.
Although the exactmovementof different objectsis not
known, the numberof moving objectsand their motion
directionsaregiven. A sampleimagewith its calculated
flow field over a uniform rectangulargrid and a brief
descriptionof eachimagesequencewiill be presentedn
the following subsectionsAll of the image sequences
usedin this surveyare publicly available(seeBarron et
al. 1994 for their origin).

4.2.1 SRI Sequence: SRI tree sequencds one
of the mosthallengingsequencedueto its low contrast,
lots of occlusion and relatively poor resolution. The
camerain this sequencemovesin front of a cluster of
treesparallel to the ground plane (normalto its line of
sight). Maximum velocity is about?2 pixels/frame.The
uniform speed of the ground and relatively large
velocities associatedwith the near by tree is clearly
shown in the estimated flow field.

B s - : -
Figure 4.3 A sample image of SRI image sequence and
its estimated optic flow field

4.2.2 Hamburg Taxi: This image sequence
showsthe traffic in a streetcrossjunction where a taxi
turningtowardright, a car movesfrom right to left in the
lower left oppositeto a van driving right to left and a
pedestrianwalking in the upper left of the scene.The
speedsf thesemoving objectsareroughly 1,3,3and0.3




pixels/frame, respectively. The estimated flow field
contains most of the above mentioned motions.

Figure 4.5 A sample of Hamburg Taxi image sequence

and its estimated optic flow field

4.2.3 Rubik Cube: In this image sequencea
Rubik cubeis placedon a turntablewhich is rotating in
front of stationarybackground.The velocities on the
turntableis around1.2 to 1.4 pixels/frameand on the
cubeitself is around0.2 to 0.5 pixels/frame Existenceof
a few arrowswhich are representinghe velocity on the
back ground (wherethereis no distinct texture) shows
that the used confidence measure is unreliable.

Figure 4.7 A sample image of Rubik Cube sequence and

its estimated optic flow field

4.2.4 NASA Sequence: The motion flow field
in thisimagesequencés mainly dilatational.The camera
moves toward the Coca Cola can, near the centre of
image. The divergenceflow field can be seenin the
following estimated motion fields.

Figure 4.9. A sample image of NASA sequence and its

estimated optic flow field

5 Conclusion

We have demonstratedthat good accuracy can be
achievedby replacingan ad hoc Gaussiarsmoothingof
grey level values (prior to differentiation) by spline
fitting. The spline fitting method providesan algebraic

expression for image intensity function which ¢aenbe
differentiated explicitly. Using splines also allows the
degree of smoothing to be chosen by well-founded
methods(such as generaliseccross-validation)and will
be addressed elsewhere.
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