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Abstract

A new approach to optic flow calculation based on a well known image interpolation technique
is presented. In this approach, the minimisation of the squared differences between a first or a
second order Taylor expansion of pixel values in an image patch, and its associated pixel
values in the subsequent image, is used to calculate the optic flow in four degrees of freedom.
A subset of affine flow containing translations, rotation and dilation, can be explicitly
calculated for every patch in an image sequence. The algorithm is computationally inexpensive
and can be implemented in parallel for every single patch, which contributes to more efficient
(real-time) implementation of optic flow methods. A comprehensive set of results are presented
for many synthetic and real image sequences. A similar accuracy to the most accurate methods
reported in the study by Barron et al. (1994) is obtained.

1 Introduction

For the last two decades, the problem of
analysing image sequences to elicit motion
and structure has been at the heart of
computer vision research. This problem
has already been attacked from many
different perspectives and of course, many
more remain to be investigated. The
fundamental question hidden at the core of
this problem is to calculate the apparent
velocities of the brightness patterns in the
image plane: the so called optic flow
problem.

1.1 Survey of Existing Methods

The main methods explored for calculating
optic flow can be categorised as:

- differential methods
- area-based matching methods
- energy and phase based methods.

Although there are distinct differences
between these approaches, they are
conceptually constructed from the same
basic three steps. The first step is to filter the

image to  suppress aliasing (and other noise)
and enhance the characteristics that will be
used for optic flow computation. In the
second step the enhanced characteristics are
measured and finally, in the third step, these
measurements are somehow combined to
calculate the flow field.

In the differential methods, the spatio-
temporal derivatives of the image intensity
(or its filtered version) are the major
characteristics that are used to compute the
optic flow field. The first order derivative
methods were used by the pioneers (Cafforio
& Rocca 1976, Fennema & Thompson 1979,
Horn & Schunck 1981, Nagel 1983), while
using the second and higher order
derivatives was added to the framework of
the differential methods a few years later
(Nagel 1983 and 1987, Tretiak & Pastor
1984, Uras et. al. 1988). While most of the
differential methods use a simple
translational model for the motion,
Srinivasan (1993) proposed a global
differential technique which explicitly
recovers the rotation as well as translations
for scenes made of a single fronto-parallel



plane. The framework described in
Srinivasan's paper is based on an image-
interpolation technique but, as we will show
in section 3, the image-interpolation and
differential techniques share the same
foundation.

The calculation of the derivatives of any
signal in the presence of noise may result in
numerical inaccuracies. Therefore, many
researchers have considered area-based
matching techniques as alternatives. These
techniques are based on finding the best fit
for a specific region in the sequence of
images. This can be done by finding the
maximum of the normalised cross
correlation, or minimum of some distance
measures such as the sum of squared
differences (Burt et. al. 1983, Glazer et. al.
1983, Little & Verri 1989, Little et. al.
1988).

Energy based optic flow techniques
calculate the energy output of velocity tuned
filters in the Fourier domain and were
introduced by (Adelson & Bergen 1985,
Santen & Sperling 1985, Watson &
Ahumada 1985, Fleet 1992). There is a
strong resemblance between the two
aforementioned techniques and most of the
energy based methods (Simoncelli 1993).
The optic flow field can also be recovered
by considering the phase behaviour of a
band pass filter output. The zero crossing
techniques (Buxton & Buxton 1984,
Hilderth 1984) are generally considered as
phase based methods. However, the
generalised optic flow calculation explicitly
using phase information was introduced by
Fleet and Jepson (1990).

A comprehensive survey on the theoretical
relations between different methods is
provided by Nagel (1987) and Anandan
(1989), while the quantitative performance
of many of these techniques is compared by
Barron et. al. (1994).

1.2 The Proposed Method

In this paper, we comprehensively
investigate a new approach to optic flow
computation, based on a well known
image-interpolation technique. The image
interpolation technique has a relatively
long history in computer vision and it is
difficult to pin-point its origin. The first
motion estimation technique based on
image-interpolation was presented by
Caffario and Rocca (1976) in which they
tried to recover the translational motion
field in an image sequence using a first
order approximation. An extensive
collection of early works in this area is
presented by Huang (1983). As stated
earlier, we show that there is no essential
difference between the interpolation and
differential approaches.

The key difference between our framework
and previous algorithms is that we propose
a differential (interpolation) technique
which solves for a sub-set of affine flow
containing four degrees of freedom using
first and second order Taylor series
approximation. Unlike Nagle (1983, 1987)
which uses a simple translational model of
motion, we explicitly calculate two
translations, rotation and dilation in the
image plane1. We will show, by exhaustive
tests, that since this method accounts for
rotation and dilation: it provides more
accurate results compared with any other
preceding differential technique. In fact, its
accuracy is comparable with the most
accurate and computationally expensive
optic flow methods (see section 4). We
also present conclusive experiments
comparing the performance of the first and
second order Taylor series approximation
of the image-interpolation technique.

                                                          
1The generalisation of this method to full affine
flow is straight-forward but, since its
implementation results in relatively expensive
computation, it has been avoided here.



1.3 Paper Organisation

The organisation of the remainder of this
paper is as follows. We first describe our
framework for optic flow formulation and
show how it relates to other similar
methods. Next, the linear and quadratic
approximation equations are derived and
the numerical algorithm for solving each
case is presented. Section 4 presents the
results of the proposed algorithm and
compares it with two other well-known
optic flow methods for several sets of
synthetic image sequences. The qualitative
results for four well-known real image
sequences are shown in section 5. Finally,
the conclusions drawn from these results
are presented in section 6.

2 General Framework

The optic flow problem for two sequential
images is often formulated as follows.
Given two images, we assume the second
image I2(x,y) is formed by locally
displacing the first image I1(x,y) by (∆X,∆
Y).

I x X y I x yi i i i2 1( , + Y) ( , )+ =∆ ∆ (1)

The general problem is to recover the
displacement field ∆X and ∆Y. Expanding
I2(x,y) in a first order Taylor series
expansion results in the well-known image
brightness constraint.

I u I u Ix x y y t+ + = 0 (2)

where I is the image intensity, ux and uy
are the translational velocities and Ix , Iy
and It are partial derivatives of the image
intensity function with respect to x, y and t.
This equation shows that for every point in
the image function, there exists two
unknowns and one constraint, and,
consequently, the number of solutions are
unlimited (ill-posed problem). In order to
solve this problem, an extra assumption

has to be made. Which assumption is
employed essentially differs in various
optic flow algorithms.

In practice, the images are often given as a
set of discretely sampled data over a
uniform grid. Without going into the
details of visual sensors, it is obvious that
every data point (pixel) represents the
brightness of an area in the real world.
Therefore, even by ignoring the time
varying characteristics of the visual sensor,
there are many more degrees of freedom
associated with each pixel than the 2-D
translation degrees of freedom.

2.1 Affine Motion Model

One way of reducing the number of
solutions to the above problem, which we
employ in this paper, is to assume that, for
every pixel in a given image, there exists a
small spatial neighbourhood over which
the motion can be approximated by the
projected motion of a single fronto-parallel
plane. This leads to an affine model for the
motion of the pixels in a specific area of
the image plane (which is called a patch,
here). The affine model in general, has six
degrees of freedom. Although it is possible
to solve this problem for the full affine
flow, for the time being, we are going to
ignore the two degrees of freedom
associated with shears. Intuitively, in many
applications, the shear is not as common as
the other possible motions (eg. translation
or dilation).

This model of motion resembles some of
the parametric visual tracking (Rehg &
Witkin 1991) and area matching (Fuh &
Maragos 1991) models. Our method
differs from these techniques in the way
that we solve the optimisation problem.

Having assumed an affine model for the
motion, we restate the optic flow problem as
follows. Given a series of images and
assuming that for every patch A1, the



intensity distribution is described by an
image function I x yA ( , ) (over R2). For this

patch, there exists an area in the subsequent
image where the intensity is described by a
function 

�
I X Y T SA x y( , )( , , , )∆ ∆ ∆ ∆ (over R4)2.

This function has to satisfy the following
conditions (the numerical subscript of A
represents the temporal index of each image
function):

�
I X Y T S I x yA x y A1 2( , )( , , , ) = ( , )∆ ∆ ∆ ∆ (3)�

( , , , ) ( , )I I x yA x y A1 1
0 0 0 0( , ) = (4)

The variables ∆X,∆Y,∆T and ∆S represent
the local x and y translation, rotation and
dilation (around a fix point in the patch A),
respectively, of the associated patch in the
second image. For example, if the intensity
of every point  over the area A1 in the first
image is described by an arbitrary function
F(x,y) is as follows:

I x yA1
( , ) = F(x,y) (5)

then 
�

( , )I X Y T SA x y1
( , , , )∆ ∆ ∆ ∆  is a mapping

that takes the function F, as a function of
(x,y)∈A1 , and maps it to a new function by
rotating, dilating and translating it.
Therefore, the new function generated from
F is nothing more than the evaluation of the
transformed function 

�
( , )I A x y1

 over the entire

A1 for a transformation parameterized by
∆ ∆ ∆X Y T, ,  and ∆S. Now, the
transformation function can be written as
follows:

�
cos

, sin )

( , )I X Y T S F S

X S T Y

A x y1
1

1

( , , , ) = (( + ) ( +

T) + ( + ) ( + ) +

∆ ∆ ∆ ∆ ∆ Θ

∆ ∆ ∆ Θ ∆ ∆

ρ

ρ
(6)

                                                          
2Technically speaking, the function is only defined
in some part of R4. The rotation is cyclic and
divergence is always positive. But never the less,
this does not impose any restriction to our optic
flow  formulation.

where  ρ = +( )x y2 2   and  Θ = −ta ( )n
y

x
1 .

The well known maximum likelihood
method gives the solution of the stated optic
flow problem by minimising, over
∆ ∆ ∆X Y T, ,  and ∆S, the squared error E
defined as:

E I x y I X Y T S dxdyA A x y
R

= −
� �

( ( , ) ( , , , ))
2 1

2

2 � ( , ) ∆ ∆ ∆ ∆

(7)

This minimisation problem usually has
many local solutions and different methods
can be employed to find the optimal
solution.

3 Differential Technique

In this section we first illustrate how two
seemingly different viewpoints (image-
interpolation and differential approach),
adopted in the derivation of motion
estimation algorithms, are fundamentally
similar. We then derive our formulation
using the combined framework

3.1 Interpolation vs Differential Techniques

One viewpoint (Srinivasan, 1993), is that
we can estimate the displacement between
two images (I1 and I2) by creating (in
software) reference images displaced by a
known amount (and larger than the
expected displacement between I1 and I2).
This approach then seeks to estimate, the
displacement between I1 and I2 by
minimising the difference between I2 and
some interpolated image produced (in
software) by interpolating between the
reference images and I1.

The second, more common viewpoint
(Nagel, 1983), uses a Taylor Series
expansion of I1 at each point in the image,
and seeks to minimise an expression that
minimises the difference between a
discrete approximation to such an



expansion and the image I2. For example:
consider a Taylor Series expansion of the
one-dimensional image I1(x), at each point
x,

I x x I x x
dI

dx
x( ) ( )+ = +∆ ∆ (8)

This can be considered an extrapolation or
prediction of I at x+∆x using I at x and a
linear approximation based on the slope at
that position. Indeed, the crux of the
differential methods is that we try to find  
∆x that minimises the difference between
the right hand side of the above expression
and I2(x). Such a ∆x is our estimated
displacement. However, to implement this
in software, we have to form a discrete
approximation to the derivative using data
samples. It is common to use a central
difference (using other approximations
does not affect the essential conclusion)

dI

dx

I x h I x h

h
= + − −( ) ( )

2
(9)

Now with images, h is the inter-pixel
spacing (or a multiple of) and we are trying
to estimate ∆x which is usually less than h.
In such a case, we are trying to linearly
interpolate between I(x+h) and I(x) (to
obtain I(x+∆x) ) and match that interpolant
against values of I2.

If we use a different finite difference
approximation to the first order derivative,
we are merely using different reference
images to interpolate between. If we use a
second order Taylor Series expansion, we
are merely replacing a linear interpolation
with a quadratic interpolation. If the true
displacement is larger than the
displacements chosen for our reference
images, then the same statements apply
with extrapolation replacing interpolation.
In summary, when one discretizes (as,
indeed, one has to!) a differential based
approach, one obtains an approach that is
fundamentally the same as an approach

motived on quite different grounds: an
interpolation based approach.

What this shows is that, although resulting
from two seemingly different conceptual
viewpoints; the image interpolation and the
differential (Taylor series expansion)
frameworks lead to the same discrete
equations. Perhaps the only difference,
from a computational point of view, is that
the image interpolation may pre-dispose
one to construct images (such as the image
translated by I(x+h) and I(x-h)) as a first
step; whilst the differential or Taylor series
approach pre-disposes one to calculate
expressions such as those in equation 9
only when and  where needed.

In view of the non-essential nature of the
distinction between image interpolation
and the differential frameworks, in the
remainder of this paper we will no
distinguish between the two. Moreover,
one should bear in mind that, though we
may talk of reference images, using a
terminology that is suggestive of an
implementation that actually creates
reference images as a pre-processing step,
we do so only for purposes of exposition
and do not necessarily suggest this may be
the preferred manner of implementation.

3.2 Problem Formulation

In most of the differential techniques,
including the one presented in this paper,
the spatio-temporal derivatives of the
image intensity function are used to find a
solution to the above minimisation
problem (7). By ignoring the second and
higher order derivatives, the Taylor
expansion series of the transformation
function can be written as ( the notation |0
is used here as short hand for evaluation at 
∆X=∆Y=∆T=∆S= 0):
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The error function E can be also modified by
using a window function Ψ which specifies
the size and shape of the patch A. Therefore
we have:

E x y I x y I X Y T S dxdyA A x y
R

= −
� �

Ψ ∆ ∆ ∆ ∆( , )( ( , ) ( , , , ))
2 1

2

2 � ( , )

(11)

In our work, Ψ is a flat rectangular window
function3 with width of w and height of h
and can written as follows:

Ψ( , )x y = 1 where  -w<x<w and  -h<y<h
Ψ( , )x y = 0 elsewhere (12)

3.2.1 Linear Approximation

The next step in solving this problem, is to
approximate the derivatives of the intensity
function. Although the central difference
formula does not necessarily provide the
most accurate approximation, it is
computationally very efficient and thus it
has been adapted in this paper.

To calculate the derivatives in the x and y
directions, four reference images (I1 to I4)
(with the same size as each patch), are
created in software by translating the first
image brightness function along the positive
and negative directions of the x and y axes.
Also, another four reference images (I5 to I8)
are created by rotating clockwise and
counter clockwise and extracting and
expanding around the centre of the patch to
facilitate the estimation of derivates with
respect to rotation and dilation. Therefore,
                                                          
3A guassian window function is proposed by
Sirinivasan (1993). Since in our experiments, we
almost always achieve better results with a flat
rectangular window function than the proposed one,
we do not use the gaussian window function.

the eight reference image functions, I1 to I8 ,
which are created by transforming the
intensity function of the first image by the  -
∆X, ∆X, -∆Y, ∆Y, -∆T, ∆T, -∆S and ∆S
(reference values), respectively, can be used
to approximate the derivatives as follows:
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X
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0
2 1
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= −
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(13)
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Y
A x y1

0
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= −
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(14)
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T
A x y1

0
6 5

2
= −

∆
(15)

∂
∂

�
|

( , ) ( , )( , )I

S

I x y I x y

S
A x y1

0
8 7

2
= −

∆
(16)

By substituting these terms in (10) and
(11) and setting the partial derivatives of
error function E with respect to
∆ ∆ ∆ ∆

� � � �
X Y T S  to zero, a set of linear

equations is obtained (17).

Examination of this set of linear
simultaneous equations reveals that the
coefficient matrix is symmetric and
therefore only ten elements, out of sixteen,
have to be calculated. Since we are
minimising a quadratic energy function,
we know that the matrix is positive
definite and therefore existence and
stability of the solution is guaranteed.

3.2.2 Quadratic Approximation

The basic assumption behind the linear
approach is that the second and higher order
derivatives are small and can be ignored.
This linear model of grey value variations is
usually regarded as being too simplistic
around edges and corners (Nagel 1983).
Therefore, for robotics applications, where
there are several objects moving over a
stationary background, using higher order
derivatives is likely to provide better results.
Moreover, the second order approximation
should permit greater accuracy, particularly
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for larger displacements. This section, will
present a method by which the minimisation
approach (section 2) can be reformulated to
exploit local information carried by second
order derivatives.
The Taylor expansion series of the grey
scale function (10) can be rewritten
containing both the first and second order
terms (18).
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Similar to linear method, we employ image-
interpolation approach to implement the
finite difference method. To estimate all the
derivatives using the central difference
formula, a set of 32 new reference images
are needed (including the 8 reference images
needed for first order derivatives). These
reference images are defined by
implementing all of the possible binary
combination of four different
transformations in two possible directions. It
should be noted here that these reference
images are fairly small (same size as a
patch) and therefore can be constructed
quickly. The reference values are: -∆X, ∆X,
-∆Y, ∆Y,  -∆T, ∆T,  -∆S and ∆S. For
example, the cross derivative with respect to 
∆Y and ∆T is defined as follows:
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By substituting these terms in (11) and (18)
and setting the partial derivatives of error
function E with respect to ∆X, ∆Y, ∆T and 
∆S to zero, a set of four non-linear equations
is obtained. To ease the writing of derived
equations, we first introduce the following
set of intermediate variables (x,y,t,s,a1 to a8
and b1 to b6).

p
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i

i

= ∆
∆

>
(20)

where pi (i = 1 to 4) replaced by x,y,t and s
and Pi (i = 1 to 4) substituted by X,Y,T and
S, respectively.
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The generic form for every non-linear
equation in our set can be written as (24)
where the coefficient of each term gij  for
every equation is given in the table 1
(presented as an appendix).Although these
equations may look very laborious to
solve, the solution to this set of
simultaneous equations is straight-forward.
In our experiments, we have implemented
the Newton-Raphson algorithm which is
the most common numerical method
currently used for solving a set of non-
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linear equations. This method gives a very
efficient means of converging to the
putative root (Press W.H. et.al., 1988).
Since the linear solution (section 3.1)
provides a good initial estimate, the
number of iterations required for
converging to the solution are usually very
limited. Therefore, the computation
required for the non-linear case still
remains inexpensive.

4 Theoretical Performance

The theoretical performance of every
algorithm can be measured by applying the
algorithm to a set of synthetic inputs. The
true motion field for these inputs is known
accurately and therefore, the quantitative
performance can be studied, easily. As
indicated by Barron et al. (1994), the
measure of performance on synthetic
images should be taken as an optimistic
bound on the expected errors with real
image sequences.

Here, we report the results of the presented
algorithm and compare them with some
other well-known algorithms for  different
possible motions in the optic flow field.
Translation, dilation, rotation and their
combinations are the motion field
candidates considered in this paper. The
detailed information for each case is
presented in the following sections. We
will compare our results with the results
for the Fleet and Jepson (1990) algorithm
(as the most accurate method) and the
Nagel (1983) algorithm (because it
theoretically is the closest method to ours).

It should be noted here that the average
error reported for the Fleet and Jepson
method is calculated only for the points

where the method is capable of producing
good results. In other words, the poor
results are not included into the process of
averaging. For other methods, all the
results are used to calculate the average
error. Therefore, in comparing the average
error between different presented methods,
the density of results has to be considered.

All the image sequences in this survey are
spatially as well temporally smoothed
using a gaussian filter with standard
deviation of 1.5 pixels (except the
Yosemite image sequence which is filtered
by a gaussian filter with standard deviation
of 1.8 pixels).

4.1 Pure Translation

In many applications, the relative motion
between the objects on the scene and the
camera is purely translational. Therefore,
the performance of any optic flow
algorithm in such a circumstances is very
important. To study the performance of the
presented algorithm in this situation, we
present and compare the results for three
image sequences known as Sinusoid1,
Sinusoid2 (Barron et al., 1994) and
Translating Tree (Fleet and Jepson, 1990).

The Sinusoid1 image sequence is created
by superimposing two sinusoidal plane
waves with spatial wavelengths of 6 pixels,
orientation of 54° and -27°(with horizontal
axis) and speeds of 1.63 and 1.02
pixels/frame, respectively. Therefore, the
resulting plaid pattern translates with
velocity of 1.585 in horizontal and 0.863 in
vertical directions. The Sinusoid2 image
sequence is also created by superimposing
two sinusoidal plane waves in the
horizontal and vertical direction with the



wavelengths of 16 pixels. The translational
velocities are 1 pixel/frame in each
direction. The Translating Tree image
sequence simulates translational camera
motion relative to a single fronto-parallel
textured plane. The camera in this
sequence moves along horizontal axis
perpendicular to its line of sight and
horizontal speeds varies between 1.73 to
2.26 (left to right) pixels/frame.

To provide a measure for comparing the
performance of linear and quadratic
approach, we have used Sinusoid2 image
sequence, because it permits very accurate
numerical differentiation. We measured
the average error of the motion of 100
points for both methods. The pattern
translates from 0 to 6 pixels in x and y
direction. The reference values for x and y
motions are set to 3.0 (∆X= ∆Y=3.0) and
rest to 0.03 (∆T= ∆S=0.03). The results are
shown in figure (4.1.4) where the upper
line represents the error of linear method
and lower line indicates the quadratic
method error. The vertical lines represent
the standard deviation for each data point.
As it is expected, both methods produce
better results for interpolation (from 0 to 3)
compare to extrapolation (from 0 to 6) and
the quadratic method performs
significantly better as the magnitude of
displacement field increases.

The following figures show  a sample of
each sequence, followed by the error
analysis on the results which are tabled for
the ease of comparison. The errors are
measured in degrees which represent the
angle between the estimated and the true
motion vector in the homogeneous
coordinates (see Barron et al. 1994 for
more details).

The results for Sinusoid1 image sequence
show that while the linear technique
suffers severely from aliasing, the
quadratic method recovers the motion field
accurately. The results for Sinusoid2 image

sequence indicate that the performance of
linear method is considerably improved in
the absence of aliasing.

Figure 4.1.1. A sample image of Sinusoid1
image sequence

Technique Avg.
Error

Std.
Dev.

Density

Nagel 2.55 0.93 100%
Fleet and Jepson 0.03 0.01 100%

Linear  Interpolation 12.91 0.19 100%
Quadratic  Interpolation 1.22 0.01 100%

Table 4.1.1. Sinusoid1 results on
translational speeds

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.11 0.07 100%
Quadratic  Interpolation 0.14 0.02 100%

Table 4.1.2. Sinusoid1 results for
estimating rotation

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.1 0.07 100%
Quadratic  Interpolation 0.04 0.03 100%

Table 4.1.3. Sinusoid1 results for
estimating dilation

Figure 4.1.2. A sample of Sinusoid2
image sequence



Technique Avg.
Error

Std.
Dev.

Density

Nagel 0.04 0.02 100%
Fleet and Jepson4 - - -

Linear  Interpolation 0.58 0.32 100%
Quadratic  Interpolation 0.01 0.01 100%

Table 4.1.4. Sinusoid2 results on
translational speeds

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.00 0.00 100%
Quadratic  Interpolation 0.00 0.00 100%

Table 4.1.5. Sinusoid2 results for
estimating rotation

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.09 0.09 100%
Quadratic  Interpolation 0.00 0.00 100%

Table 4.1.6. Sinusoid2 results for
estimating dilation

Figure 4.1.3. A sample image of
Translating and

Diverging  Tree sequence

Technique Avg.
Error

Std.
Dev.

Density

Nagel 2.44 3.06 100%
Fleet and Jepson 0.32 0.38 74.5%

Linear  Interpolation 0.83 0.52 100%
Quadratic  Interpolation 0.31 0.16 100%

Table 4.1.7. Translating Tree results
 (translational speeds)

                                                          
4The results for this signal is not reported in Barron
et al (1994) and we have not been able to produce
any meaningful result for this case, either.

Figure 4.1.4. Average error for Linear
(upper line) and Quadratic (lower line)

approach

4.2 Pure Divergence

In this section, we present the results for
two image sequences in which the motion
field is purely divergent. At first, we
present the results for the well-known
Diverging Tree sequence (Fleet and
Jepson, 1990). In this sequence, the camera
moves along its line of sight toward the
centre of the image and translational
speeds are reported to be varying from
1.29 pixels/frame on the left side to 1.86
pixels/frame on the right. Since the
dilation factor for this sequence is not
known to us, it is not possible to analyse
the accuracy of the estimated divergence
factor. To be able to provide some measure
of the accuracy of the estimation of the
divergence factor, we have created a
sinusoidal image sequence by
superimposing the same plane waves as
described in Sinusoid1 image sequence and
dilating the result by 2% (around its
centre) in every sequential frame. This
sequence is named Diverging Sinusoid.
The surface texture for this sequence is
similar to Sinusoid1(figure 4.1.1). The
error analysis of the estimated results for
the two sequences are tabulated as follows:



Technique Avg.
Error

Std.
Dev.

Density

Nagel 2.94 3.23 100%
Fleet and Jepson 0.99 0.78 74.2%

Linear  Interpolation 1.14 0.38 100%
Quadratic  Interpolation 1.18 0.42 100%

Table 4.2.1. Diverging Tree results
(translational speeds)

Technique Avg.
Error

Std.
Dev.

Density

Nagel 1.89 3.56 100%
Fleet and Jepson 0.54 0.16 99.1%

Linear  Interpolation 0.87 0.35 100%
Quadratic  Interpolation 0.82 0.37 100%

Table 4.2.2. Diverging Sinusoid
results (translational speeds)

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.10 0.01 100%
Quadratic  Interpolation 0.06 0.02 100%

Table 4.2.3. Diverging Sinusoid results
for estimating dilation

The results show that the both linear and
quadratic methods recovers the divergence
flow field very accurately. The lack of
texture in a few parts of Diverging Tree
image causes the quadratic method to
produce incorrect velocities (iteration fails
to converge) which are still included to be
comparable with Nagel's results reported
by Barron (1994). This cause the average
error of quadratic method to be slightly
worse than linear method. The Diverging
Sinusoid results establishes the superiority
of quadratic approach.

4.3 Pure Rotation

One of the known challenging situations in
optic flow computation, is the case where
the motion field is purely rotational. Many
area matching based techniques are known
to fail in such circumstances. To test the
performance of the presented algorithm for
this case, we have created two image
sequences named Rotating Sinusoid and
Rotating Tree. In the first one, the same

plane waves as described in section 4.1.1
has used to create a texture which rotates
by 1° per frame. To create the Rotating
Tree sequence, the same texture of
Translating Tree sequence is used and the
sequence created by rotating the image 1
degree/frame. The following tables shows
the error analysis for these sequences.

Technique Avg.
Error

Std.
Dev.

Density

Nagel 1.30 0.95 100%
Fleet and Jepson 0.34 0.15 92.5%

Linear  Interpolation 1.44 0.43 100%
Quadratic  Interpolation 0.96 0.36 100%

Table 4.1.1. Rotating Sinusoid
results (translational speeds)

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.15 0.01 100%
Quadratic  Interpolation 0.03 0.02 100%

Table 4.2.3. Rotating Sinusoid results
for estimating rotation

Technique Avg.
Error

Std.
Dev.

Density

Nagel 1.94 1.83 100%
Fleet and Jepson 1.09 0.65 46.2%

Linear  Interpolation 1.06 0.34 100%
Quadratic  Interpolation 0.99 0.28 100%

Table 4.1.1. Rotating Tree results
(translational speeds)

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.02 0.02 100%
Quadratic  Interpolation 0.00 0.00 100%

Table 4.2.3. Rotating Tree results for
estimating rotation

We can see that both the linear and
quadratic methods performs very good for
the rotational flow field.

4.4 Mixed Flow Field

Finally, the ultimate test for any optic flow
algorithm is the computational
performance for the combined flow field
(containing composition of previously



studied motions). To demonstrate the
performance of the presented algorithm,
another image sequence is created by using
the imposed plane waves described in
Sinusoid1 image sequence as the surface
texture and creating the sequential images
by shifting 0.5 pixels toward right and
same amount upward, dilating by 2% and
rotating by 1 degree. This sequence is
named Mixed Sinusoid and has the same
surface texture as Sinusoid1. Also, we
present the result for the well-known
Yosemite sequence. Figure 4.4.1 shows the
surface texture of this sequence. The flow
field of Yosemite sequence is mainly
divergent in the upper right while the
clouds are shifting toward the right by the
speed of 1 pixel/frame. The velocities in
the lower left are about 4 pixels/frame. The
sequence is poorly sampled in time and
exhibits aliasing especially in the lower
portion of the images. This aliasing causes
most methods to produce poor results.

Figure 4.4.1. A sample image of Yosemite
sequence

Technique Avg.
Error

Std.
Dev.

Density

Nagel 8.52 12.59 100%
Fleet and Jepson 0.57 0.30 76.5%

Linear  Interpolation 2.20 1.20 100%
Quadratic  Interpolation 3.39 1.41 100%

Table 4.4.1. Mixed Sinusoid results
 (translational speeds)

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.07 0.04 100%
Quadratic  Interpolation 0.06 0.07 100%

Table 4.4.2. Mixed Sinusoid results for
estimating rotation

Technique Avg.
Error

Std.
Dev.

Density

Linear  Interpolation 0.06 0.03 100%
Quadratic  Interpolation 0.08 0.07 100%

Table 4.4.3. Mixed Sinusoid results for
estimating dilation

Technique Avg.
Error

Std.
Dev.

Density

Nagel 11.71 10.59 100%
Fleet and Jepson 4.29 11.29 34.1%

Linear  Interpolation 5.14 9.90 100%
Quadratic  Interpolation 7.174 10.03 100%

Table 4.4.4. Results for Yosemite
sequence (translational speeds)

As we mentioned in section 4.2, the
iterative method employed for solving the
optimisation problem in quadratic
approach occasionally do not converge to
sensible values and that causes the average
error of the quadratic method to appear
bigger than the linear approach (these
points have to be detected and excluded).
This explains the occasions of better
performance of the linear method compare
to the quadratic approach. Aside from this,
both approach perform very well compare
to other existing methods.

5 Real Data Performance

In this section, the calculated optic flow
field for four well-known real image
sequences are presented. Although the
exact movement of different objects is not
known, the number of moving objects and
their motion directions are given. The
texture of one frame with its calculated
flow field over a uniform rectangular grid
and a brief description of each image
sequences will be presented in the
following subsections. All of the image
sequences used in this survey are publicly
available (see Barron et al. 1994 for their
origin).



5.1 SRI Sequence

SRI tree sequence is one of the most
challenging sequences due to its low
contrast, lots of occlusion and relatively
poor resolution. The camera in this
sequence moves in front of a cluster of

trees parallel to the ground plane (normal
to its line of sight). Maximum velocity is
about 2 pixels/frame. The uniform speed of
the ground and relatively large velocities
associated with the near by tree is clearly
shown in the estimated flow field.

Figure 5.1. A sample image of SRI image sequence and its linear (left) and quadratic (right)
calculated optic flow field

5.2 Hamburg Taxi

This image sequence shows the traffic in a
street cross junction where a taxi turning
toward right, a car moves from right to left
in the lower left opposite to a van driving

right to left and a pedestrian walking in the
upper left of the scene. The speeds of these
moving objects are roughly 1,3,3 and 0.3
pixels/frame, respectively. The estimated
flow field clearly contains all the above
mentioned motions.

Figure 5.2. A sample image of Hamburg Taxi image sequence and its linear (left) and
quadratic (right) calculated optic flow field

5.3 Rubik Cube

In this image sequence, a Rubik cube is
placed on a turntable which is rotating in
front of stationary background. The
velocities on the turntable is around 1.2 to
1.4 pixels/frame and on the cube itself is

around 0.2 to 0.5 pixels/frame. A
thresholded version of calculated optic
flow field is also presented to demonstrate
the possibility of background removal with
this method. In the thresholded version, all
the calculated velocities below 0.3 are set
to zero.



Figure 5.3.a. A sample image of Rubik Cube image sequence and its linear (left) and
quadratic (right) calculated optic flow field

Figure 5.3.b. Linear (left) and quadratic (right) thresholded optic flow field for Rubik Cube
sequence

5.4 NASA Sequence

The motion flow field in this image
sequence is mainly dilatational. The
camera moves toward the Coca Cola can,

near the centre of image. The divergence
flow field can be easily seen in the
following estimated motion fields.

Figure 5.4. A sample image of NASA image sequence and its linear (left) and quadratic
(right) calculated optic flow field

6 Conclusion

We have investigated a technique for
image motion estimation that combines

(and extends) two seemingly different
approaches. We have combined the second
order expansion differential approaches of
Nagel (that estimate only the translation



components) with the first order image
interpolation approaches of Srinivasan and
Cafforia and Rocca. In so doing, we have
made both theoretical and practical
advances. On the theoretical side we have
demonstrated that the two seemingly
different approaches, from the point of
view of their motivations, are essentially
similar. We have also expanded Nagel's
analysis to recover the divergence and
rotation parameters (a subset of the affine
parameter set). In the same vein, we have
extended Srinivasan's approach to include
second order interpolations. On the
practical side, we have demonstrated that
our innovations lead to schemes that can
relatively cheaply and accurately extract
motion parameters (for translation,
divergence, and rotation) even over fairly
large displacements (this being afforded by
the second order, as opposed to first order,
nature of our interpolations).
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9 Appendix

The following table shows the definition of every coefficient gij used in equation (21).

j \ i 1 2 3 4
1 2Ψa5 a5 Ψa5 b1 Ψa5 b2 Ψa5 b3
2 Ψa6 b1 2Ψ a6 a6 Ψa6 b4 Ψa6 b5
3 Ψa7 b2 Ψa7 b4 2Ψ a7 a7 Ψa7 b6
4 Ψa8 b3 Ψa8 b5 Ψa8 b6 2Ψa8 a8
5 3Ψa5 b1 Ψ(2a5 a6 + b1 b1) Ψ(b1 b2 + a5 b4) Ψ(b1 b3 + a5 b5)
6 3Ψa5 b2 Ψ(b1 b2 + a5 b4) Ψ(2 a5 a7 + b2 b2) Ψ(b2 b3 + a5 b6)
7 3Ψa5 b3 Ψ(b1 b3 + a5 b5) Ψ(b2 b3 + a5 b6) Ψ(2 a5 a8 + b3 b3)
8 Ψ(2a5 a6 + b1 b1) 3Ψa6 b1 Ψ(a6 b2 + b1 b4) Ψ(a6 b3 + b1 b5)
9 Ψ(a6 b2 + b1 b4) 3Ψa6 b4 Ψ(2a6 a7 + b4 b4) Ψ(b4 b5 + a6 b6)

10 Ψ(a6 b3 + b1 b5) 3Ψa6 b5 Ψ(b4 b5 + a6 b6) Ψ(2a6 a8 + b5 b5)
11 Ψ(2a5 a7 + b2 b2) Ψ(a7 b1 + b2 b4) 3Ψa7 b2 Ψ(a7 b3 + b2 b6)
12 Ψ(a7 b1 + b2 b4) Ψ(2a6 a7 + b4 b4) 3Ψa7 b4 Ψ(a7 b5 + b4 b6)
13 Ψ(a7 b3 + b2 b6) Ψ(a7 b5 + b4 b6) 3Ψa7 b6 Ψ(2a7 a8 + b6 b6)
14 Ψ(2a5 a8 + b3 b3) Ψ(a8 b1 + b3 b5) Ψ(a8 b2 + b3 b6) 3Ψa8 b3
15 Ψ(a8 b1 + b3 b5) Ψ(2a6 a8 + b5 b5) Ψ(a8 b4 + b5 b6) 2Ψa8 b5
16 Ψ(a8 b2 + b3 b6) Ψ(a8 b4 + b5 b6) Ψ(2a7 a8 + b6 b6) 3Ψa8 b6
17 Ψ(2b1 b2 + 2a5 b4) Ψ(2a6 b2 + 2b1 b4) Ψ(2a7 b1 + 2b2 b4) Ψ(b3b4+b2b5+b1b6)
18 Ψ(2b1b3 + 2a5 b5) Ψ(2a6 b3 + 2b1 b5) Ψ(b3b4+b2 b5+b1b6) Ψ(2a8 b1 + 2b3 b5)
19 Ψ(b3b4+b2b5+b1b6) Ψ(2b4 b5 + 2a6 b6) Ψ(2a7 b5 + 2b4 b6) Ψ(2a8 b4 + 2b5 b6)
20 Ψ(2b2 b3 + 2a5 b6) Ψ(b3b4+b2b5+b1b6) Ψ(2a7 b3 + 2b2 b6) Ψ(2a8 b2 + 2b3 b6)
21 3Ψa1 a5  Ψ(a2 a5 + a1 b1 ) Ψ(a3 a5 + a1 b2 ) Ψ(a4 a5 + a1 b3 )
22 Ψ(a1 a6 + a2 b1) 3Ψa2 a6 Ψ(a3 a6 + a2 b4 ) Ψ(a4 a6 + a2 b5 )
23 Ψ(a1 a7 + a3 b2) Ψ(a2 a7 + a3 b4 ) 2Ψa3 a7 Ψ(a4 a7 + a3 b6)
24 Ψ(a1 a8 + a4 b3) Ψ(a2 a8 + a4 b5 ) Ψ(a3 a8 + a4 b6) 3Ψa4 a8
25 Ψ(2a2 a5 + 2a1 b1) Ψ(2a1 a6 + 2a2 b1) Ψ(a3b1+a2 b2+a1 b4) Ψ(a4b1+a2b3+ a1b5)
26 Ψ(2a3 a5 + 2a1 b2) Ψ(a3b1+a2b2+ a1b4) Ψ(2a1 a7 + 2a3 b2) Ψ(a4b2+a3b3+ a1b6)
27 Ψ(2a4 a5 + 2a1 b3) Ψ(a4b1+ a2b3+a1b5) Ψ(a4b2+a3 b3+a1 b6) Ψ(2a1 a8 + 2a4 b3)
28 Ψ(a4b1+a2 b3+a1b5) Ψ(2a4 a6 + 2a2 b5) Ψ(a4b4+a3 b5+a2 b6) Ψ(2a2 a8 + 2a4 b5)
29 Ψ(a4b2+a3 b3+a1b6) Ψ(a4b4+a3b5+ a2b6) Ψ(2a4 a7 + 2a3 b6) Ψ(2a3 a8 + 2a4 b6)
30 Ψ(a3b1+a2 b2+a1b4) Ψ(2a3 a6 + 2a2 b4) Ψ(2a2 a7 + 2a3 b4) Ψ(a4b4+a3b5+ a2b6)
31 Ψ(a1 a1 + 2a5 c) Ψ(a1 a2 + b1 c) Ψ(a1 a3 + b2 c ) Ψ(a1 a4 + b3 c)
32 Ψ(a1 a2 + b1 c) Ψ(a2 a2 + 2.0 a6 c ) Ψ(a2 a3 + b4 c) Ψ(a2 a4 + b5 c)
33 Ψ(a1 a3 + b2 c ) Ψ(a2 a3 + b4 c ) Ψ(a3 a3 + 2a7 c ) Ψ(a3 a4 + b6 c)
34 Ψ(a1 a4 + b3 c ) Ψ(a2 a4 + b5 c ) Ψ(a3 a4 + b6 c ) Ψ(a4 a4 + 2.0 a8 c)
35 Ψa1 c Ψa2 c  Ψa3 c Ψa4 c  

Table 1: The complete definition of the coefficient used in equation (17).


