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Abstract

A newapproacthto optic flow calculationbasedon a well knownimageinterpolationtechnique
is presentedin this approachthe minimisationof the squareddifferencesbetweena first or a
secondorder Taylor expansionof pixel valuesin an image patch, and its associatedixel
valuesin the subsequenimage,is usedto calculatethe optic flow in four degreesof freedom.
A subsetof affine flow containing translations,rotation and dilation, can be explicitly
calculatedor everypatchin animagesequenceThe algorithmis computationallyinexpensive
andcanbeimplementedn parallelfor everysingle patch,which contributesto more efficient
(real-time) implementation of optic flow methodscémprehensiveetof resultsarepresented
for manysyntheticandrealimagesequencesA similar accuracyto the mostaccuratemethods
reported in the study by Barron et al. (1994) is obtained.

1 Introduction

For the last two decadesthe problem of

analysingimagesequenceto elicit motion
and structure has been at the heart of

computer vision research.This problem
has already been attacked from many
different perspectivesnd of course,many
more remain to be investigated. The
fundamentabuestionhiddenat the core of

this problemis to calculatethe apparent
velocitiesof the brightnesspatternsin the
image plane: the so called optic flow

problem.

1.1 Survey of Existing Methods

The mainmethodsexploredfor calculating
optic flow can be categorised as:

- differential methods

- area-based matching methods

- energy and phase based methods.

Although there are distinct differences
between these approaches, they are
conceptually constructed from the same
basic three steps. The first sigjpo filter the

imageto suppressliasing(andothernoise)
and enhancethe characteristicghat will be
used for optic flow computation.In the
second step the enhanced characteristics are
measuredindfinally, in thethird step,these
measurementsare somehow combined to
calculate the flow field.

In the differential methods, the spatio-
temporalderivativesof the image intensity
(or its filtered version) are the major
characteristicghat are usedto computethe
optic flow field. The first order derivative
methods were used ltlge pioneerq Cafforio
& Rocca 1976, Fennema & Thompson 1979,
Horn & Schunck1981, Nagel 1983), while
using the second and higher order
derivativeswas addedto the framework of
the differential methodsa few years later
(Nagel 1983 and 1987, Tretiak & Pastor
1984, Uraset. al. 1988). While most of the
differential methods use a simple
translational model for the motion,
Srinivasan (1993) proposed a global
differential technique which explicitly
recoversthe rotation as well astranslations
for scenesmadeof a single fronto-parallel



plane. The framework described in
Srinivasan'spaper is basedon an image-
interpolationtechniquebut, aswe will show
in section 3, the image-interpolationand
differential techniques share the same
foundation.

The calculation of the derivatives of any
signalin the presencef noisemay resultin
numerical inaccuracies. Therefore, many
researchers have considered area-based
matching techniquesas alternatives.These
techniquesare basedon finding the bestfit
for a specific region in the sequenceof
images. This can be done by finding the
maximum of the normalised cross
correlation,or minimum of some distance
measuressuch as the sum of squared
differences(Burt et. al. 1983, Glazeret. al.
1983, Little & Verri 1989, Little et. al.
1988).

Energy based optic flow techniques
calculatethe energyoutputof velocity tuned
filtkers in the Fourier domain and were
introduced by (Adelson & Bergen 1985,
Santen & Sperling 1985, Watson &

Ahumada 1985, Fleet 1992). There is a

strong resemblance between the two

aforementionedechniquesand most of the

energy based methods (Simoncelli 1993).
The optic flow field can also be recovered
by consideringthe phase behaviour of a

band passfilter output. The zero crossing
techniques (Buxton & Buxton 1984,
Hilderth 1984) are generally consideredas
phase based methods. However, the

generalisedptic flow calculationexplicitly

using phaseinformation was introducedby

Fleet and Jepson (1990).

A comprehensivesurvey on the theoretical
relations between different methods is

provided by Nagel (1987) and Anandan
(1989), while the quantitative performance
of manyof thesetechniquess comparedoy

Barron et. al. (1994).

1.2 The Proposed Method

In this paper, we comprehensively
investigatea new approachto optic flow

computation, based on a well known

image-interpolatiortechnique.The image
interpolation technique has a relatively

long history in computervision and it is

difficult to pin-point its origin. The first

motion estimation technique based on

image-interpolation was presented by

Caffario and Rocca(1976) in which they

tried to recover the translationalmotion

field in an image sequenceusing a first

order approximation. An extensive
collection of early works in this areais

presentedby Huang (1983). As stated
earlier,we showthat thereis no essential
difference betweenthe interpolation and

differential approaches.

Thekey differencebetweernour framework
andpreviousalgorithmsis thatwe propose
a differential (interpolation) technique
which solvesfor a sub-setof affine flow
containingfour degreesof freedomusing
first and second order Taylor series
approximationUnlike Nagle (1983,1987)
which usesa simpletranslationaimodel of
motion, we explicitly calculate two
translations,rotation and dilation in the
imageplané. We will show,by exhaustive
tests, that since this method accountsfor
rotation and dilation: it provides more
accurateresults comparedwith any other
precedingdifferentialtechniqueln fact, its
accuracy is comparable with the most
accurate and computationally expensive
optic flow methods(see section 4). We
also present conclusive experiments
comparingthe performanceof thefirst and
secondorder Taylor seriesapproximation
of the image-interpolation technique.

IThe generalisationof this methodto full affine
flow is straight-forward but, since its
implementation results in relatively expensive
computation, it has been avoided here.



1.3 Paper Organisation

The organisationof the remainderof this
paperis as follows. We first describeour
frameworkfor optic flow formulationand
show how it relates to other similar
methods. Next, the linear and quadratic
approximationequationsare derived and
the numerical algorithm for solving each
caseis presentedSection4 presentsthe
results of the proposed algorithm and
comparesit with two other well-known
optic flow methodsfor several sets of
syntheticimagesequenceslhe qualitative
results for four well-known real image
sequenceare shownin section5. Finally,
the conclusionsdrawn from theseresults
are presented in section 6.

2 General Framework

The optic flow problemfor two sequential
images is often formulated as follows.

Given two images,we assumehe second
image 1,(xy) is formed by locally

displacingthe first imagel,(x,y) by (AX,A

Y).

(% +AX,Y +AY) =14(%,Y;) (1)

The general problem is to recover the
displacementield AX andAY. Expanding
I,(xy) in a first order Taylor series
expansiorresultsin the well-knownimage
brightness constraint.

| U+ U+ = 0 )

wherel is the imageintensity, uy and Uy
are the translationalvelocitiesand I, , |,
and |, are partial derivativesof the image
intensity function with respect to x, y ahd
This equationshowsthatfor everypointin
the image function, there exists two
unknowns and one constraint, and,
consequentlythe numberof solutionsare
unlimited (ill-posed problem).In order to
solve this problem, an extra assumption

has to be made. Which assumptionis
employed essentially differs in various
optic flow algorithms.

In practice theimagesareoftengivenasa
set of discretely sampled data over a
uniform grid. Without going into the
detailsof visual sensorsijt is obviousthat
every data point (pixel) representsthe
brightnessof an area in the real world.
Therefore, even by ignoring the time
varying characteristicef the visual sensor,
there are many more degreesof freedom
associatedwith each pixel than the 2-D
translation degrees of freedom.

2.1 Affine Motion Model

One way of reducing the number of
solutionsto the aboveproblem,which we
employin this paper,is to assumehat, for
everypixel in agivenimage,thereexistsa
small spatial neighbourhoodover which
the motion can be approximatedby the
projectedmotion of a singlefronto-parallel
plane.This leadsto anaffine modelfor the
motion of the pixels in a specific areaof
the image plane (which is called a patch,
here).The affine modelin general hassix
degree®f freedom.Althoughit is possible
to solve this problem for the full affine
flow, for the time being, we are going to
ignore the two degrees of freedom
associateavith shearsintuitively, in many
applicationsthe shearis notascommonas
the other possiblemotions (eg. translation
or dilation).

This model of motion resemblessome of
the parametricvisual tracking (Rehg &
Witkin 1991) and areamatching (Fuh &
Maragos 1991) models. Our method
differs from thesetechniquesin the way
that we solve the optimisation problem.

Having assumedan affine model for the
motion, we restatethe optic flow problemas
follows. Given a series of images and
assuming that for every patch A;, the



intensity distribution is described by an
imagefunction IAl(x,y) (over R?). For this

patch,thereexistsan areain the subsequent
imagewherethe intensity is describedby a

function T, (,.,,(AX,AY,AT,AS)(over R92,

This function has to satisfy the following
conditions (the numerical subscript of A
representshe temporalindex of eachimage
function):

[ pgx(AX,AY,AT,A9) 3, (X,y)  (3)
[ ayx)(0,0,0,0) =1 5 (X,Y) (4)

The variablesAX,AY,AT and AS represent
the local x andy translation,rotation and
dilation (arounda fix pointin the patchA),
respectively,of the associatedpatchin the
secondimage.For example,if the intensity
of everypoint overthe areaA; in the first
imageis describedby an arbitrary function
F(x,y) is as follows:

La (X, Y) = F(X,y) )

then 1 5 ., (AX,AY,AT,AS) is a mapping
that takesthe function F, as a function of
(x,y)UA, , andmapsit to a new function by
rotating, dilating and translating it.
Therefore the new function generatedrom
F is nothingmorethanthe evaluationof the

transformedfunction 1, ., over the entire

A, for a transformationparameterizedoy
AX,AY, AT and AS. Now, the
transformationfunction can be written as
follows:

[ pyx(AX,AY, AT, AS) = F((1+AS)pcog© +
AT)+AX,(1+AS)psin(O© + AT) + AY)
(6)

2Technicallyspeaking the functionis only defined
in some part of R4 The rotation is cyclic and
divergenceis always positive. But neverthe less,
this does not impose any restriction to our optic
flow formulation.

where p = \/(x2+y2) and © = tan_l(z).
X

The well known maximum likelihood
methodgivesthe solutionof the statedoptic
flow problem by minimising, over
AX,AY,AT and AS, the squarederror E
defined as:

= i 2
E= .”Rz (1, (6 Y) =1 gy (BX,AY, AT, AS)) * dxdy

(7)

This minimisation problem usually has
many local solutionsand different methods
can be employed to find the optimal
solution.

3 Differential Technique

In this sectionwe first illustrate how two
seemingly different viewpoints (image-
interpolation and differential approach),
adopted in the derivation of motion
estimation algorithms, are fundamentally
similar. We then derive our formulation
using the combined framework

3.1 Interpolation vs Differential Techniques

One viewpoint (Srinivasan,1993), is that
we canestimatethe displacemenbetween
two images (I, and I,) by creating (in

software)reference imagesdisplacedby a
known amount (and larger than the
expecteddisplacemenbetweenl, andl,).

This approachthen seeksto estimate,the
displacement between I, and |, by

minimising the differencebetweenl, and
some interpolated image produced (in

software) by interpolating between the
reference images arg

The second, more common viewpoint
(Nagel, 1983), uses a Taylor Series
expansiomof |, at eachpointin theimage,
and seeksto minimise an expressionthat
minimises the difference between a
discrete approximation to such an



expansionand the imagel,. For example:
considera Taylor Seriesexpansionof the
one-dimensionailmage I,(x), at eachpoint
X,

| (X +AX) = I(x)+Axﬂ|x (8)
dx

This canbe considerecan extrapolationor
predictionof | at x+Ax using| at x anda
linear approximationbasedon the slopeat
that position. Indeed, the crux of the
differential methodss thatwe try to find
Ax that minimisesthe difference between
the right handsideof the aboveexpression
and |,(X). Such a Ax is our estimated
displacementHowever,to implementthis
in software,we haveto form a discrete
approximationto the derivativeusing data
samples.It is commonto use a central
difference (using other approximations
does not affect the essential conclusion)

d _ I(x+h)=1(x-h)
dx 2h

(9)

Now with images, h is the inter-pixel
spacing (or a multiple oBndwe aretrying

to estimateAx which is usuallylessthanh.

In such a case,we are trying to linearly
interpolate between I(x+h) and I(X) (to

obtainl(x+Ax) ) andmatchthatinterpolant
against values df.

If we use a different finite difference
approximationto the first orderderivative,
we are merely using different reference
imagesto interpolatebetweenlf we usea
secondorder Taylor Seriesexpansionwe

are merely replacinga linear interpolation
with a quadraticinterpolation.If the true
displacement is larger than the
displacementschosen for our reference
images, then the same statementsapply
with extrapolation replacinginterpolation.

In summary, when one discretizes (as,
indeed, one has to!) a differential based
approachone obtainsan approachthat is

fundamentallythe same as an approach

motived on quite different grounds: an
interpolation based approach.

Whatthis showsis that, althoughresulting
from two seemingly different conceptual
viewpoints; the image interpolation and the
differential (Taylor series expansion)
frameworks lead to the same discrete
equations. Perhapsthe only difference,
from a computationapoint of view, is that

the image interpolation may pre-dispose
oneto constructimages (suchastheimage
translatedby I(x+h) and I(x-h)) as a first

step;whilst the differential or Taylor series
approach pre-disposesone to calculate
expressionssuch as those in equation 9

only when and where needed.

In view of the non-essentiahatureof the
distinction between image interpolation
and the differential frameworks, in the
remainder of this paper we will no
distinguish betweenthe two. Moreover,
one should bearin mind that, thoughwe
may talk of reference images, using a
terminology that is suggestive of an
implementation that actually creates
referencemagesas a pre-processingtep,
we do so only for purposesof exposition
anddo not necessarilysuggesthis may be
the preferred manner of implementation.

3.2 Problem Formulation

In most of the differential techniques,
including the one presentedn this paper,
the spatio-temporal derivatives of the
imageintensity function are usedto find a
solution to the above minimisation
problem (7). By ignoring the secondand
higher order derivatives, the Taylor
expansion series of the transformation
function canbe written as( the notation|g

is used herasshorthandfor evaluationat

AX=AY=AT=AS= 0):



I X,AY, AT, AS Aar%(xv)
|y (BXBY, AT, 88) =1 (x,y) + X — =,

ol , ol
1(X,y) a7 Axy)
l, +AS |

oT s "
(10)

Lol .
+AY 20D AT
Y

The error functiork can bealsomodified by
using a window function W which specifies
the sizeandshapeof the patchA. Therefore
we have:

= J.Lz WYy (%, Y) (DX, AY, AT, AS)) ? dicly
(11)

In our work, W is a flat rectangulamwindow
functior? with width of w and height of h
and can written as follows:

W(x,y) =1 where -w<x<w and -h<y<h
WY(x,y)=0 elsewhere (12)

3.2.1 Linear Approximation

The next stepin solving this problem,is to
approximatethe derivativesof the intensity
function. Although the central difference
formula does not necessarilyprovide the
most accurate approximation, it is
computationallyvery efficient and thus it
has been adapted in this paper.

To calculatethe derivativesin the x andy
directions, four referenceimages(l, to I,)
(with the same size as each patch), are
createdin software by translatingthe first
imagebrightnesgunction alongthe positive
and negativedirectionsof the x andy axes.
Also, anotherfour referenceamages(l; to Ig)
are created by rotating clockwise and
counter clockwise and extracting and
expandingaroundthe centreof the patchto
facilitate the estimation of derivateswith
respectto rotation and dilation. Therefore,

3A guassianwindow function is proposed by
Sirinivasan(1993). Since in our experiments,we
almost always achieve better results with a flat
rectangular windoviunctionthanthe proposedne,
we do not use the gaussian window function.

the eightreferencamagefunctions,|; to g,
which are created by transforming the
intensityfunction of thefirst imageby the -
AX, AX, -AY, AY, -AT, AT, -AS and AS
(referencevalues) respectively canbe used
to approximate the derivatives as follows:

ol « 1(X,y) =1.(X,
Al 2%, y) =1y(x,y) (13)
O 20X
ol | -
A@Y 20Y
Ol p (x I (X,Y) =1 (X,
Al 6(X: Y) —15(X,Y) (15)
oT 20T
ol 1o(X,Y) =1 (X,
A1(X,y)lo= s(X,y) ~14(X.y) (16)
0S 2AS

By substituting these terms in (10) and
(11) and setting the partial derivativesof
error function E with respect to
AX.AY.AT AS to zero, a set of linear
equations is obtained (17).

Examination of this set of linear
simultaneousequations reveals that the
coefficient matrix is symmetric and
thereforeonly ten elementsput of sixteen,
have to be calculated. Since we are
minimising a quadratic energy function,
we know that the matrix is positive
definite and therefore existence and
stability of the solution is guaranteed.

3.2.2 Quadratic Approximation

The basic assumption behind the linear
approachs thatthe secondandhigherorder
derivatives are small and can be ignored.
This linear modelof grey valuevariationsis
usually regardedas being too simplistic
around edges and corners (Nagel 1983).
Therefore,for robotics applications,where
there are several objects moving over a
stationary background,using higher order
derivativesss likely to providebetterresults.
Moreover, the secondorder approximation
should permit greateraccuracy,particularly
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for larger displacementsThis section, will
presenta methodby which the minimisation
approach(section2) can be reformulatedto
exploit local information carried by second
order derivatives.

The Taylor expansionseriesof the grey
scale function (10) can be rewritten
containingboth the first and secondorder
terms (18).

_>

i AY, )(AX,AY INVSE| Al(x y) +AX—]

LY
+ASaI—Aj1 +— (X alpl +AYIAAlb+ATAb+AS—b)

050 2" ax
(18)

Similar to linear method,we employimage-
interpolation approachto implement the
finite differencemethod.To estimateall the
derivatives using the central difference
formula, a set of 32 new referenceimages
areneededincludingthe 8 referencamages
neededfor first order derivatives). These
reference images are defined by

implementing all of the possible binary
combination of four different
transformationsn two possibledirections.lt

should be noted here that these reference
images are fairly small (same size as a
patch) and therefore can be constructed
quickly. The referencevaluesare:-AX, AX,

-AY, AY, -AT, AT, -AS and AS. For

example, the cross derivative with respect to

AY andAT is defined as follows:

aZIAAl(X)’)
2T °

T O, AT) = o (L, AT) 5 (O, ~T) 4 o (-, AT)
ANBT

(19)

(17)

By substitutingthesetermsin (11) and(18)
and setting the partial derivativesof error
function E with respectto AX, AY, AT and
AS tozero,asetof four non-linearequations
is obtained.To easethe writing of derived
equations,we first introducethe following
setof intermediatevariables(x,y,t,s,g to ag

and Q to b).

AP,
= — 1 20
P= 2 (20)

wherep;j (i = 1 to 4) replacedby x,y,t ands

andPj (i = 1 to 4) substitutedby X,Y,T and
S, respectively.
lA(AP) lA( AP) | =1to 4
2
(21)

_ T(8P) + 5y (=8P = 21y (x,Y)

2
i=5t08 (22)
b:f&(ﬂ?mﬂ)4&({9@)ﬂm?ia])ﬂg({weﬂ)
4
i=1t06 (23)

The generic form for every non-linear
equationin our setcan be written as (24)
wherethe coefficient of eachterm gjj for

every equationis given in the table 1
(presentedas an appendix).Althougtthese
equations may look very laborious to
solve, the solution to this set of
simultaneougquationss straight-forward.
In our experimentswe haveimplemented
the Newton-Raphsoralgorithm which is
the most common numerical method
currently used for solving a set of non-
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linear equationsThis methodgivesa very
efficient means of converging to the
putative root (PressW.H. et.al., 1988).
Since the linear solution (section 3.1)
provides a good initial estimate, the
number of iterations required for
convergingto the solutionareusuallyvery
limited. Therefore, the computation
required for the non-linear case still
remains inexpensive.

4 Theoretical Performance

The theoretical performance of every
algorithmcanbe measuredy applyingthe
algorithmto a setof syntheticinputs. The
true motionfield for theseinputsis known
accuratelyand therefore,the quantitative
performancecan be studied, easily. As
indicated by Barron et al. (1994), the
measure of performance on synthetic
imagesshould be taken as an optimistic
bound on the expectederrors with real
image sequences.

Here,we reporttheresultsof the presented
algorithm and comparethem with some
otherwell-known algorithmsfor different
possiblemotions in the optic flow field.
Translation, dilation, rotation and their
combinations are the motion field
candidatesconsideredin this paper. The
detailed information for each case is
presentedin the following sections.We
will compareour resultswith the results
for the Fleetand Jepson(1990) algorithm
(as the most accurate method) and the
Nagel (1983) algorithm (because it

theoretically is the closest method to ours).

It should be noted here that the average
error reported for the Fleet and Jepson
methodis calculatedonly for the points

(24)

wherethe methodis capableof producing
good results. In other words, the poor
resultsarenot includedinto the processof
averaging. For other methods, all the
results are usedto calculatethe average
error. Therefore,in comparingthe average
error betweendifferent presentednethods,
the density of results has to be considered.

All theimagesequencem this surveyare
spatially as well temporally smoothed
using a gaussian filter with standard
deviation of 1.5 pixels (except the
Yosemite imagesequenceavhich is filtered
by a gaussiarfilter with standarddeviation
of 1.8 pixels).

4.1 Pure Translation

In many applications,the relative motion
betweenthe objectson the sceneand the
camerais purely translational. Therefore,
the performance of any optic flow
algorithmin sucha circumstancess very
important.To studythe performanceof the
presentedalgorithm in this situation, we
presentand comparethe resultsfor three
image sequencesknown as Snusoidl,
Snusoid2 (Barron et al., 1994) and
Trandlating Tree (Fleet and Jepson, 1990).

The Snusoidl image sequencas created
by superimposingtwo sinusoidal plane
waves with spatial wavelengths of 6 pixels,
orientationof 54° and-27°(with horizontal
axis) and speeds of 1.63 and 1.02
pixels/frame, respectively. Therefore, the
resulting plaid pattern translates with
velocity of 1.585 in horizontal and 0.868
vertical directions. The Snusoid2 image
sequences also createdby superimposing
two sinusoidal plane waves in the
horizontal and vertical direction with the



wavelength®f 16 pixels. Thetranslational
velocities are 1 pixel/frame in each
direction. The Trandating Tree image
sequencesimulates translational camera
motion relative to a single fronto-parallel
textured plane. The camera in this
sequencemoves along horizontal axis
perpendicularto its line of sight and
horizontal speedsvaries between1.73 to
2.26 (left to right) pixels/frame.

To provide a measurefor comparingthe

performance of linear and quadratic
approachwe have used Snusoid2 image
sequencebecauset permitsvery accurate
numerical differentiation. We measured
the averageerror of the motion of 100

points for both methods. The pattern
translatesfrom O to 6 pixelsin x andy

direction. The referencevaluesfor x andy

motionsare setto 3.0 (AX= AY=3.0) and

restto 0.03(AT= AS=0.03).Theresultsare

shownin figure (4.1.4) where the upper
line representghe error of linear method
and lower line indicates the quadratic
methoderror. The vertical lines represent
the standarddeviationfor eachdatapoint.

As it is expected,both methodsproduce
better result$or interpolation(from 0 to 3)

compareto extrapolation(from O to 6) and

the quadratic method performs
significantly better as the magnitude of

displacement field increases.

The following figures show a sampleof
each sequence,followed by the error
analysison the resultswhich aretabledfor
the ease of comparison.The errors are
measuredn degreeswhich representthe
angle betweenthe estimatedand the true
motion vector in the homogeneous
coordinates(see Barron et al. 1994 for
more details).

The resultsfor Snusoidl image sequence
show that while the linear technique
suffers severely from aliasing, the
guadraticnethodrecoverghe motionfield
accuratelyTheresultsfor Snusoid2 image

sequencendicate that the performanceof
linear methodis considerablyymprovedin
the absence of aliasing.
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Figure 4.1.1. A sample image of Sinusoidl
image sequence

Technique Avg. Std. | Density
Error | Dev.
Nagel 255 | 0.93 | 100%

Fleet and Jepson 0.03 | 0.01 | 100%

Linear Interpolation | 12.91| 0.19 | 100%

Quadratic Interpolation 1.22 | 0.01 | 100%

Table 4.1.1. Sinusoidl results on
translational speeds

Technique Avg. Std.
Error | Dev.
Linear Interpolation | 0.11 | 0.07 | 100%
Quadratic Interpolatio] 0.14 | 0.02 | 100%
Table 4.1.2. Sinusoidl results for
estimating rotation

Density

Technique Avg. Std.
Error | Dev.
Linear Interpolation 0.1 0.07 | 100%

Quadratic Interpolation 0.04 | 0.03 | 100%

Density

Table 4.1.3. Sinusoidl results for
estimating dilation

Figure 4.1.2. A sample of Sinusoid2
image sequence



Technique Avg. Std. | Density
Error | Dev.
Nagel 0.04 | 0.02 | 100%

Fleet and Jepsén - - -
Linear Interpolation | 0.58 | 0.32 | 100%
Quadratic Interpolatiorf 0.01 | 0.01 | 100%

Table 4.1.4. Sinusoid2 results on
translational speeds

4 5 8

] 1 z

Technique Avg. Std. | Density . Truo Disphcoment peok) .
Error | Dev. Figure 4.1.4. Average error for Linear
Linear Interpolation | 0.00 | 0.00 | 100% (upper line) and Quadratic (lower line)
Quadratic Interpolation 0.00 0.00 | 100% approach

Table 4.1.5. Sinusoid2 results for
estimating rotation

4.2 Pure Divergence

Technique Avg. | Std. | Density| |n this section,we presentthe resultsfor
Linear Interpolation %FBOQF g%\g 100% tWO imagesequen_cein which th-e motion
Quadratic Interpolatio 0.00 | 0.00 | 100% field is purely divergent. At first, we
present the results for the well-known
Diverging Tree sequence (Fleet and
Jepson, 1990). In theequencethe camera
movesalong its line of sight toward the
centre of the image and translational
speedsare reportedto be varying from
1.29 pixels/frameon the left sideto 1.86
pixels/frame on the right. Since the
dilation factor for this sequenceis not
known to us, it is not possibleto analyse
the accuracyof the estimateddivergence
factor. To beableto providesomemeasure

Table 4.1.6. Sinusoid?2 results for
estimating dilation

Figu 4_1__ A sample image of of the accuracyof the estimationof the
Translating and divergence factor, we have created a
Diverging Tree sequence sinusoidal image seqguence by

superimposingthe same plane waves as
described irBinusoidl imagesequencand

Error | Dev. centre) in every sequential frame. This
Nagel 2.44 | 3.06 | 100% sequenceis named Diverging Snusoid.

Fleetand Jepson | 0.32 | 0.38 | 745% | The surfacetexture for this sequenceis
L'”deart,'”tlezpc"atl'otf‘ 8?? 8'&132 188;’ similar to Snusoidi(figure 4.1.1). The
Quadratic Interpolatior] 0. ' - error analysisof the estimatedresultsfor

Table 4.1.7. Tra_mslatlng Tree results the two sequences are tabulated as follows:
(translational speeds)

4The results for this signal is not reported in Barron
et al (1994) and we have not been able to produce
any meaningful result for this case, either.



Technique Avg. Std. | Density
Error | Dev.

Nagel 294 | 3.23 | 100%

Fleet and Jepson 0.99 | 0.78 | 74.2%

Linear Interpolation 1.14 | 0.38 | 100%

Quadratic Interpolatior] 1.18 | 0.42 | 100%

Table 4.2.1. Diverging Tree results
(translational speeds)

Technique Avg. Std. | Density
Error | Dev.

Nagel 1.89 | 3.56 | 100%

Fleet and Jepson 0.54 | 0.16 | 99.1%

Linear Interpolation | 0.87 | 0.35 | 100%

Quadratic Interpolatiorf 0.82 | 0.37 | 100%

Table 4.2.2. Diverging Sinusoid
results (translational speeds)

Technique Avg. Std. | Density
Error | Dev.
Linear Interpolation 0.10 | 0.01 100%
Quadratic Interpolatior] 0.06 | 0.02 100%

Table 4.2.3. Diverging Sinusoid results
for estimating dilation

planewavesas describedin section4.1.1
hasusedto createa texturewhich rotates
by 1° per frame. To createthe Rotating
Tree sequence, the same texture of
TranslatingTree sequencas usedand the
sequencecreatedby rotating the image 1
degree/frameThe following tablesshows
the error analysis for these sequences.

Technique Avg. | Std. | Density
Error | Dev.

Nagel 1.30 | 0.95 | 100%

Fleet and Jepson 0.34 | 0.15 | 92.5%

Linear Interpolation | 1.44 | 0.43 | 100%

Quadratic Interpolatiof 0.96 | 0.36 | 100%

Table 4.1.1. Rotating Sinusoid
results (translational speeds)

Technique Avg. Std. | Density
Error | Dev.
Linear Interpolation 0.15 | 0.01 | 100%
Quadratic Interpolatior] 0.03 | 0.02 | 100%

Table 4.2.3. Rotating Sinusoid results
for estimating rotation

The resultsshow that the both linear and
quadraticmethodsrecoversthe divergence
flow field very accurately. The lack of

texturein a few parts of Diverging Tree

image causesthe quadratic method to

produceincorrectvelocities (iteration fails

to converge)which arestill includedto be

comparablewith Nagel's results reported
by Barron (1994). This causethe average
error of quadratic methodto be slightly

worse than linear method. The Diverging

Snusoid resultsestablisheghe superiority
of quadratic approach.

4.3 Pure Rotation

Oneof theknown challengingsituationsin
optic flow computation,is the casewhere
the motionfield is purely rotational.Many
areamatchingbasedechniquesareknown
to fail in suchcircumstancesTo testthe
performanceof the presentedilgorithmfor
this case, we have created two image
sequencesnamed Rotating Snusoid and
Rotating Tree. In the first one, the same

Technique Avg. Std. | Density
Error | Dev.

Nagel 1.94 1.83 | 100%

Fleet and Jepson 1.09 | 0.65 | 46.2%

Linear Interpolation 1.06 | 0.34 | 100%

Quadratic Interpolation 0.99 | 0.28 | 100%

Table 4.1.1. Rotating Tree results
(translational speeds)

Technique Avg. Std. | Density
Error | Dev.
Linear Interpolation 0.02 | 0.02 | 100%
Quadratic Interpolation 0.00 | 0.00 | 100%

Table 4.2.3. Rotating Tree results for
estimating rotation

We can see that both the linear and
guadraticmethodsperformsvery good for
the rotational flow field.

4.4 Mixed Flow Field

Finally, the ultimatetestfor any optic flow
algorithm is the  computational
performancefor the combinedflow field
(containing composition of previously



studied motions). To demonstrate the
performanceof the presentedalgorithm,
anotherimagesequencés createdby using
the imposed plane waves described in
Snusoidl image sequenceas the surface
textureand creatingthe sequentiaimages
by shifting 0.5 pixels toward right and
sameamountupward, dilating by 2% and
rotating by 1 degree.This sequenceis
namedMixed Snusoid and hasthe same
surface texture as Snusoidl. Also, we
present the result for the well-known
Yosemite sequencekigure4.4.1showsthe
surfacetextureof this sequenceThe flow
field of Yosemite sequenceis mainly
divergent in the upper right while the
cloudsare shifting towardthe right by the
speedof 1 pixel/frame. The velocities in
the lower left ar@about4 pixels/frameThe
sequences poorly sampledin time and
exhibits aliasing especiallyin the lower
portion of theimages.This aliasingcauses
most methods to produce poor results.

{ o L . %
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Figure 4.4.1. A éampl im

Technique Avg. Std. | Density
Error | Dev.
Linear Interpolation 0.06 | 0.03 | 100%
Quadratic Interpolation| 0.08 | 0.07 | 100%

Table 4.4.3. Mixed Sinusoid results for

estimating dilation

ag of Yosemite

seqguence
Technique Avg. Std. | Density
Error | Dev.
Nagel 8.52 | 12.59| 100%
Fleet and Jepson 0.57 | 0.30 | 76.5%
Linear Interpolation 2.20 | 1.20 | 100%
Quadratic Interpolation 3.39 | 1.41 | 100%

Table 4.4.1. Mixed Sinusoid results
(translational speeds)

Technique Avg. Std. | Density
Error | Dev.
Linear Interpolation 0.07 | 0.04 | 100%
Quadratic Interpolationf 0.06 | 0.07 | 100%

Table 4.4.2. Mixed Sinusoid results for
estimating rotation

Technique Avg. Std. | Density
Error | Dev.

Nagel 11.71 | 10.59 | 100%

Fleet and Jepson 429 | 11.29| 34.1%

Linear Interpolation 5.14 | 9.90 | 100%

Quadratic Interpolation| 7.174 | 10.03| 100%

Table 4.4.4. Results for Yosemite
sequence (translational speeds)

As we mentioned in section 4.2, the

iterative methodemployedfor solving the

optimisation problem in quadratic
approachoccasionallydo not convergeto

sensiblevaluesandthat causeshe average
error of the quadratic methodto appear
bigger than the linear approach (these
points haveto be detectedand excluded).
This explains the occasions of better
performanceof the linear methodcompare
to the quadraticapproachAside from this,

both approachperform very well compare
to other existing methods.

5 Real Data Perfor mance

In this section,the calculatedoptic flow
field for four well-known real image
sequencesare presented.Although the
exactmovementof different objectsis not
known, the numberof moving objectsand
their motion directions are given. The
texture of one frame with its calculated
flow field over a uniform rectangulargrid
and a brief description of each image
sequenceswill be presented in the
following subsectionsAll of the image
sequencesisedin this surveyare publicly
available(seeBarron et al. 1994 for their
origin).



5.1 SRI Sequence

Rl tree sequenceis one of the most
challenging sequencesdue to its low
contrast,lots of occlusion and relatively
poor resolution. The camera in this
sequencemovesin front of a cluster of

treesparallelto the ground plane (normal

to its line of sight). Maximum velocity is
about 2 pixels/frame. The uniform speed of
the ground and relatively large velocities
associatedvith the nearby treeis clearly
shown in the estimated flow field.

Figure 5.1. A sample image of SRI image sequence and its linear (left) and quadratic (right)
calculated optic flow field

5.2 Hamburg Taxi

This imagesequenceshowsthe traffic in a
streetcrossjunction where a taxi turning
towardright, a car movesfrom right to left
in the lower left oppositeto a van driving

right to left anda pedestriarwalking in the

upperleft of the sceneThe speed®f these
moving objectsare roughly 1,3,3and 0.3

pixels/frame, respectively. The estimated
flow field clearly containsall the above
mentioned motions.

Figure 5.2. A sample image of Hamburg Taxi image sequence and its linear (left) and
quadratic (right) calculated optic flow field

5.3 Rubik Cube

In this image sequencea Rubik cubeis
placedon a turntablewhich is rotatingin
front of stationary background. The
velocitieson the turntableis around1.2 to
1.4 pixels/frameand on the cubeitself is

around 0.2 to 0.5 pixels/frame. A
thresholded version of calculated optic
flow field is alsopresentedo demonstrate
the possibility of backgroundemovalwith
this method.In the thresholdedrersion,all
the calculatedvelocitiesbelow 0.3 are set
to zero.



Figure 5.3.a. A sample image of Rubik Cube image sequence and its linear (left) and
guadratic (right) calculated optic flow field

Figure 5.3.b. Linear (left) and quadratic (right) thresholded optic flow field for Rubik Cube

sequence
5.4 NASA Sequence nearthe centreof image. The divergence
flow field can be easily seen in the

The motion flow field in this image following estimated motion fields.

sequence is mainly dilatational. The
cameramovestoward the CocaCola can,

Figure 5.4. A sample image of NASA image sequence and its linear (left) and quadratic
(right) calculated optic flow field

6 Conclusion (and extends) two seemingly different
approachesNe havecombinedthe second
We have investigated a technique for order expansiondifferential approacheof

image motion estimation that combines Nagel (that estimateonly the translation



components)with the first order image

interpolation approachesf Srinivasanand
Cafforiaand Rocca.ln so doing, we have
made both theoretical and practical
advancesOn the theoreticalside we have
demonstrated that the two seemingly
different approachesfrom the point of

view of their motivations, are essentially
similar. We have also expandedNagel's
analysis to recover the divergence and
rotation parameterga subsetof the affine

parametesset). In the samevein, we have
extendedSrinivasan'sapproachto include
second order interpolations. On the

practical side, we have demonstratedhat
our innovationslead to schemeshat can
relatively cheaply and accurately extract
motion parameters (for translation,
divergence,and rotation) even over fairly

largedisplacementgthis beingaffordedby

the secondorder,asopposedo first order,
nature of ournterpolations).
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9 Appendix

The following table shows the definition of every coefficieiﬁm,ged in equation (21).

ji\i 1 2 3 4

1 Va5 a5 Wag by Yas by Wag bg

2 Yag b1 2W¥ a5 ag Yag by Wag bg

3 Yaz by Waz by 2WYWayay Waz bg

4 Yag bg Wag b Yag bg 2¥Wag ag

S 3Wag b1 W(2a5 ag + by by) W(bq by + a5 by) W(bq bz + a5 br)

6 3Was by W(by by + a5 by) W(2ag a7 + by by) W(bp b3 + & bg)

7 3Wag by W(bq b3 + a5 br) W(bp bz + a5 bg) W(2 a5 ag + Iy by)

8 W(2a5 ag + by by) 3Wag by W(ag bo + by by) W(ag b3 + b bg)

9 W(ag bo + by by) 3Wag by W(2a a7 + by by) W(bg b + & bg)
10 W(ag b3 + by br) 3Wag bg W(by bs + 35 bg) W(2a5 ag + bg br)
11 WY(2a5 a7 + b by) W(az b1 + bp by) 3Way by W(az b3 + b bg)
12 W(az by + by by) W(2a5 a7 + by by) 3Waz by W(az b + by bg)
13 W(az b3 + by bg) W(az bs + by bg) 3¥Waz bg W(2a7 ag + by bg)
14 W(2ag5 ag + by bg) W(ag by + b3 bg) W(ag b + bz bg) 3Wag by

15 W(ag by + b3 bs) W(2ag ag + bs br) W(ag by + bs bg) 2Wag by

16 W(ag by + b3 bg) W(ag by + bs bg) W(2a7 ag + bg bg) 3Wag bg

17 Y(2b1 by + 2&;by) W(2a5 by + 2by by) W(2az b1 + 2y by) Y(bgbst+bobst+bqbg)
18 W(2by b3 + 235 br) W(2a5 b3 + 2by br) W(b3bgtby bs+bibg) Y(2ag b1 + 23 b)
19 W(b3bg+bobst+bqbg) W(2by bs + 23; bg) W(2a7 bg + 2y bg) W(2ag by + 2b5 bg)
20 W(2by b3 + 2a; bg) W(b3ba+bobs+bibg) W(2a7 b3 + 2y bg) W(2ag by + 23 bg)
21 3Waq a5 W(@ag+aby) W(gag+aby) W(agas + & b3)
22 W(a a5 + 2 by) 3Way ag W(gag+aby) W(gag+ 2 bg)
23 W(q a7 + ;3 by) W(apaz +agby) 2Waz a7 W(ay a7 + ;3 bg)
24 W(ap ag + ay bg) W(@ag+absg) W(az ag + a1 bg) 3Way ag

25 Y(2 a5 + 2g by) W(2 ag + 23 by) W(aghi+ap botaq by) W(agbq+apbat abx)
26 WY(2ag a5 + 23 by) W(agb1+aphot aqby) W(2aq a7 + 23 by) W(agbot+aghzt+ a1bg)
27 W(2y a5 + 2 bg) W(agb1+ apbz+aqbr) W(agbotag b3+aq bg) W(2 ag + 2g bg)
28 W(agb1+ap batanbr) WY(2e4 ag + 23 br) W(agbgtag bs+ap bg) WY(2a ag + 29 br)
29 W(aybo+ag ba+aqbg) W(aybg+agbs+ apbg) W(2ay a7 + 23 bg) W(2ag ag + 23 bg)
30 W(agbi+ap bo+aqby) W(2ag ag + 23 by) Y(2a a7 + 233 by) W(agbgtaghst+ apbg)
31 W( & +23¢) Y@ a+bc) Y@ ag+hyc) W(a ag+c)
32 W( ap + b c) WY(map+2.0a5C) W(ap ag + by c) W(apay + bsc)
33 Y@ ag+bpc) W(@az+uc) W(gag +2a7¢) W(agay +bgc)
34 W@ ag+bgc) W(@ag+bsc) W(gag+bgc) W(gag +9.0ag¢)
35 Yay C Yay Yag C WYa, C

Table 1: The complete definition of the coefficient used in equation (17).




