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Abstract

The first part of this paper summarises recent work
in developing highly robust estimators and to apply
these to computer vision applications - specifically for
optic flow, range image fitting and segmentation, and
image motion estimation.

The second part of the paper considers the so called
“direct” methods for structure from motion (through
matrix factorization), though the methods and prin-
ciples are also applicable to other areas (face recog-
nition, customer characterization and recommender
systems etc.).

1 Highly Robust Fitting

Many of the tasks of computer vision can be cast as
forms of statistical estimation and fitting. Because of
the presence of multiple structures in the image, we
need approaches that are robust to (pseudo)-outliers
in the sense of having a high breakdown point. The
two most used high breakdown point estimators are
the Least Median of Squares [1, 2] (proved to be tol-
erant to up to 50% outliers but one can have con-
figurations where it breaks down at a lower per-
centage) and RANSAC [3] (no theoretical breakdown
point known). More recent techniques include ALKS
[4], RESC [5] and MUSE [6]. Results presented in
those papers suggest that these can resist substan-
tially more than 50% outliers. For recent surveys,
see [7] and [8].

These techniques usually employ random sampling
techniques that aim to explore the search space of
possible solutions well enough to have at least one
candidate which is determined solely by inliers (to
a single structure in the data). Secondly they have
some form of model/fit scoring: median of the sorted
residuals in the Least Median of Squares, and the
number of residuals inside a certain chosen bound
in RANSAC, for example. Wang and Suter [9, 10,
11, 12, 13]. have sought alternative ways of scoring
candidate models, so that greater robustness may be
achieved. [13, 10] employed symmetry in the data
set: though somewhat limited in versatility, such an
approach definitely restores robustness in situations

where standard Least Median of Squares will break
down.

The purpose of this section is to describe more gen-
erally effective strategies that try to use more infor-
mation from the residual distribution. In particular,
we have used Kernel Density estimation and Mean
Shift Techniques [14] to formulate model/fit scores
that lead to empirically observed higher breakdown
points than all existing methods.

The basic notion is that the robust estimate should
produce a strong peak in the pdf of the residuals
for that fit, and that the value of the residual corre-
sponding to that peak should be small (ideally zero,
of course). Maximization of the following objective
function performs well:

MDPE =

( ∑
Xi∈Wc

f̂ (Xi)

)α

exp (|Xc|) (1)

where the mean shift procedure [14] (see section 1.1)
is used to find the mode of the residual density f̂
and to limit mean estimation to use only “inliers” Xi

(with center value Xc) within the mean-shift window
Wc. This method is similar to the Residual Con-
sensus (RESC) method [5]. Essentially that method
estimates the pdf by using a histogram (whose bin
size is chosen by compressing a large histogram of
residuals using a heuristic procedure so that 12% of
the residuals are found in the first bin). The RESC
criterion is then:

RESC =
m∑
i

hi
α

|ri|β
(2)

where hi is the histogram value and ri the residual
of the i’th bin. The value m is chosen by another
heuristic (4.4% of hmax), so as to exclude outliers.
(Note: in [5] α = 1.3 and β = 1.) In essence, the
scores 1 and 2 differ in how one restricts attention to
likely inliers (we use the mean shift window) and how
one models the pdf (we use kernel density estimation
and mean shift mode seeking). These differences lead
to significant improvements in robustness.

In section 1.1 we describe more completely the
algorithms we have developed. In section 1.2 we
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show that approaches based upon these procedures
can tolerate up to 90% or so of outliers (including
pseudo-outliers) and outperform previous computer
vision methods (MUSE, RESC, ALKS, RANSAC)
and more widely known methods (Least Median of
Squares and Least Trimmed Squares) in that regard.

1.1 Mean Shift Scoring

Although other kernels could be employed, we use
the Epanechnikov kernel in its 1-D form:

K(x) =
{

3
4 (1 − x2) x2 < 1
0 otherwise

(3)

The kernel density estimator is then:

f̂(x) =
1

nh

n∑
i=1

K(
x − Xi

h
) (4)

for a data set of n residuals Xi and using “band-
width” h.

The mean shift is calculated by [14]:

f̂(x) = Mh(x) =
1
nx

∑
Xi∈Sh

Xi − x (5)

where Sh is an interval of half-width h centred on x
- the “mean shift window”.

Simple calculations show that iterating the above
will converge to a local maximum of the estimated
pdf. Because of the limited extent of the mean
shift window (in the particular case of the kernel we
choose, there is an inherent limit to the spatial influ-
ence of a data point, coming from the finite support
of the Kernel - although a window could be imposed
on other kernels not having finite support), this pro-
cess is reasonably insensitive to outlier residuals.

Thus, the overall procedure is: employ random
subset sampling (like Least Median of Squares etc.),
rank the candidate subsets (via the residuals to the
fit they determine) using the above mean shift proce-
dure, iterated until the mode of the residuals (closest
to 0) is located. Select the trial fit that maximises
criterion (1).

1.2 Examples

1.2.1 Circle Finding

Although we acknowledge that one should consider
using geometric distance, rather than residuals, in
the minimization [15], here, we avoid the non-linear
theory and resultant approximations of geometric fit-
ting, and apply our procedure to the residuals pro-
duced by substituting the data points into the defin-
ing parametric form of the model.

We compare our method to the performance of
the Hough transform, Least Median of Squares,
RANSAC, ALKS, and RESC.

(a) (b)

(c) (d)

Figure 1: Circle finding

Examples of circle fitting can be found in Figure
1. The cups image 1(a) is processed with an edge
detector 1(b). We obtain the results shown in 1(c).
MDPE (pink), Hough (black) and RANSAC (red) all
produce robust fits. Least Median of Squares (light
blue), ALKS (dark blue) and RESC (green) all break-
down. As a second example, a synthetic data set
was created to resemble “olympic rings” (pink - note,
some rings are overwritten by the fitted rings - black,
red and yellow) and then artificially corrupted with
uniformly distributed noise samples - see Figure 1(d).
In this example, the data that are “inliers” to any one
ring constitute only about 5% of the data - that is,
for a given fit, there are around 95% outliers to that
fit. MDPE (red), RANSAC (yellow) and the Hough
transform (black) can all find a ring. However, Least
Median of Squares (light blue), ALKS (dark blue)
and RESC (green) again breakdown.

These and other similar experiments we have
performed, shows that algorithms based upon our
MDPE criterion outperform other robust techniques
(Least Median of Squares, techniques based upon
least k’th order statistics such as ALKS, and the
RESC approach). The technique is challenged for
robustness only by RANSAC (which requires a pri-
ori knowledge of the expected number of inliers) and
the non-regression (limited precision) Hough trans-
form (which also requires a well-chosen bin size for
the parameter discretization).

The essential parameter required for our technique
is the bandwidth of the kernel density estimator (al-
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though there are the inevitable minor bounds and tol-
erance parameters that plague code in order to guard
against certain numerical limits, or to decide when to
cease iteration). In the experiments reported in this
section, we empirically investigated the behaviour of
our approach with varying bandwidth and found that
overall performance, at least over a reasonable range
of bandwidth choices, was reasonably stable. In the
next section we present results where we have auto-
matically chosen the bandwidth.

1.2.2 Optic Flow

Assuming that the imaged point at position (x, y)
and time t maintains a constant brightness I(x, y, t),
as it moves under the optic flow (u, v), then a simple
differentiation reveals to first order:

∂I

∂x
u +

∂I

∂y
v +

∂I

∂t
= 0 (6)

- the “Optic Flow Constraint”. Since this constraint
provides only one constraint in two unknowns, it has
been solved by assuming, within a small image patch,
that the flow is of a simple parametric form (e.g.,
locally constant, or locally affine etc.).

Within each patch, we can measure the quantities
∂I
∂x , ∂I

∂y , and ∂I
∂t . However, since the measurements can

contain very large errors, and since the patches may
straddle different flows (moving according to different
parameters), we need methods of solution that are ro-
bust to large numbers of outliers (including pseudo-
outliers). Robust statistical methods such as Least
Median of Squares have been demonstrated as supe-
rior to Least Squares and other competing methods
in this respect [2].

We have applied our method, as described above
but with some modifications, to the problem of optic
flow estimation. Firstly, we have implemented a form
of automatic selection of the kernel bandwidth. Using
standard techniques [16]:

ĥ =
[

243R(K)
35u2(K)2n

] 1
5

s (7)

where R(K) =
∫ 1

−1 K(ξ)2 dξ, u2(K) =
∫ 1

−1 ξ2K(ξ) dξ
and s is the sample standard deviation. This still
requires the estimation of the sample scale in a ro-
bust fashion and, since the above is the recommended
upper bound on ĥ, we also have to employ a multi-
plicative adjustment cĥ for 0 < c < 1. Space does
not permit us to go into details here, but we have
investigated, with some success, both the use of or-
der statistics for scale estimation and a rather more
novel scheme of using a mean-shift like procedure to
also find the pdf valley (thus providing a useful clas-
sification of inliers as those between the peak and
the valley in the pdf). We have also, for speed rea-
sons, modified the MDPE criterion to use what we

Technique Ave Err
Bab-Hadiashar and Suter [2] 1.94
QMDPE (σ = 2.0, 25 × 25, m=30) 1.34

Table 1: Yosemite Valley Sequence - Optic Flow

call QMDPE:

QMDPE =

(
f̂ (Xc)

)α

exp (|Xc|) (8)

One sample of our results is provided in Table 1
where we compare with [2] (at this point the best
competing robust method). Clearly QMDPE per-
forms well.

2 Imputation and De-noising

There are many cases in computer vision where one
partially observes a noisy version of a low rank ma-
trix: structure from motion, face recognition, data
modelling and visualisation etc. Thus we study the
problem of recovering the “best” complete low rank
matrix - imputing the missing values and denoising
the matrix [17] [18].

More formally, a large matrix Mtrue ∈ Rm,n,
which should be of low rank r, is observed (Mobs)
through a process of i.i.d. Gaussian noise corruption
of the entries and “occlusion” (term chosen partly
because these may be track positions that become
occluded).

2.1 Imputation

We seek the complete (“not yet de-noised”) matrix
M̂ that minimises the distance between itself and its
rank-r projection ||M̂ − M̂r||2F subject to the recov-
ered matrix having the same entries for the measured
entries as those in the original measurement matrix.
This differs from the similarly motivated objective of
Shum/Wiberg [19] who seek MSW to minimise the
measure: ||Mobs − MSW||2Fiw

where Fiw is the ob-
vious modification of the Frobenius norm to only in-
clude those terms where one has observations and to
allow for weighting of the measurements in relation
to some confidence measure. MSW is forced to be of
rank r by expressing it as the product of an r-column
matrix and a r-row matrix. We recover an imputed
matrix that may then be optimally de-noised. The
Shum-Wiberg combines the de-noising and imputa-
tion. Hartley and Schaffalitzky (ibid) discuss how to
efficiently solve the Shum/Wiberg formulation. Such
an approach also does not directly impute the “miss-
ing values” (they can be recovered through multipli-
cation of the matrix factors).
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We tackle our imputation iteratively. In a sense,
our starting strategy has a similarity to the origi-
nal Tomasi and Kanade [20] method in that we re-
arrange the data matrix so that it has a complete
matrix in the upper left corner. We then address
the question of how to add partially known rows and
columns so as to “grow” the imputed matrix. It is not
necessary, though, that we find the arrangement that
provides the largest such known submatrix to start
with. Nor, as stressed before, do we deliberately at-
tempt to “de-noise” at this stage.

Starting from a complete submatrix (not neces-
sarily the largest one that we can find), we grow by
columns and rows by filling in the missing entries in
the new row/column so that the new vector is a close
as possible to the subspace spanned by the subma-
trix. This part is essentially the same as the first step
of the SVD update of Brand [21].

However, the matrix when grown, is now closest to
the original rank-r approximation, but not necessar-
ily closest to the rank-r approximation of itself. Thus
we iterate from here by obtaining the rank-r approx-
imation (SVD) and restart the matrix growing using
this subspace. We can prove a convergence property
for this iteration [17].

We call this algorithm “Iter”. In general, it outper-
forms Jacob’s method, produces approximately the
same result as Shum’s method (when that method
starts from a good initialisation) when they both con-
verge. In the next section, by examining the gains
in adding information, we describe a variant (“Iter-
Part”) that is generally more successful and less
prone to “wandering away from the solution” (though
the latter happens relatively rarely with moderate
amounts of missing data).

2.2 Denoising and Matrix Growth

It can be shown [18] that the denoising action of
low rank projection has the following characteristic:

E|Ai,j −Ar
i,j | = σ

√
r(m+n)−r2

mn where σ is the scale of
the noise. This quantifies the well known fact that as
the size of the matrix grows relative to the rank, the
resulting estimations should become more accurate.
What is of more interest is whether (and to what ex-
tent) the above remains true when the growth comes
about by adding rows and columns with missing val-
ues. There should be a trade off between increasing
accuracy with more data and loss of accuracy with
more missing data being imputed.

We note that the ratio in the above expression
is the number of degrees of freedom in a rank-r m
by n matrix, over the degrees of freedom in a gen-
eral m by n matrix. We hypothesize that when
there are p >> r(m + n − r) observed values (and
mn − p missing values), the error will behave as:

E|Ai,j −Ar
i,j | = σ

√
r(m+n)−r2

p

√
1

1−ρ for ρ = 1− p
nm ,

the fraction of missing data. For reasonably small
amounts of missing data, our experiments confirm
that this is a reasonable approximation.

Thus we consider the following strategy: Try to
use the most informative data as defined by the sub-
matrix minimising r(m+n)−r2

p . A heuristic method
of achieving this is the best we can hope for as such
problems are intractable. We simply take a “greedy”
strategy of including rows (or cols) starting from
those ordered with least missing values, until the ra-
tio begins to increase.

2.3 Evaluation

Evaluation poses some problems. With synthetic
data (complete ground truth known), one can evalu-
ate by simply using the RMS error between the re-
covered (“reprojected”) values (missing and not) and
the known values of the data matrix. With real image
sequences, one doesn’t know the ground truth for the
occluded points (although one can artificially occlude
some points - pretend they are occluded). However,
where there are genuinely occluded points, one gen-
erally disregards the reconstructed points in the error
measure. Yet it is precisely these points that are the
most challenging. One can gain some impression of
the accuracy of these by plotting the “reprojected”
points and looking for bizarre behaviour. When we
have done so, for methods produced by other authors,
we have found some rather unflattering results.

3D feature points were uniformly distribute in a
cube [-500,500]*[-500,500]*[-500,500]. Different levels
of Gaussian noise, with scale from 1 to 20, are added
the 2D feature points. Some algorithms, for any given
run, may diverge. We detected divergence when the
RMS error rises above 10 times the true error. We
don’t include those divergent cases in the RMS index
(Figure 2), of course. Thus to get a better idea of the
performance, one also need to look at the convergence
rate for each algorithm (see Table 2).

We compare our two variants “Iter” and “Iter-
Part” with three approaches that use Jacob’s method
as the start (three variants: “rankrsf”, “rankrfsm-
transpose” and “rankr”) followed by Shums algo-
rithm.

As an example of real data, we show (Figure 3) the
results of reconstruction of the traces of the rotating
dinosaur sequence.

3 Summary and Conclusions

3.1 Robust fitting

In this paper we have adopted the philosophy that a
single statistic, such as the k’th order statistic, or the
number of inliers within a certain bound; is unlikely
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0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
Iter 100 100 99.90 99.95 99.90 99.45 99.20 97.85 96.50 92.80

Shum1 100 100 99.90 99.95 99.80 99.30 98.75 96.15 91.20 81.50
Shum2 100 100 99.85 99.95 99.90 99.35 99.40 97.90 96.70 93.45
Shum3 99.90 99.95 99.80 99.65 99.55 99.00 98.60 95.80 92.45 85.55

Table 2: Convergence rates
Note: IterPart essentially converges all of the time - at least on these experiments.

Figure 2: RMS Error - noise level 1
Graph of the average RMS reprojection error verses
the percentage of missing data (up to 50%). From
best to worst: “IterPart” is best, then four meth-
ods which are indistinguishable on this graph: “Iter”,
“rankrsfm+Shum”, “rankr+Shum” and “rankrsfm-
tpose”, then rankrsfm (slightly worse than the previ-
ous four), rankr and rankrsfm-tpose. The other noise
levels created show similar trends.

Figure 3: Rotating Dinosaur
336 tracks recovered by our method - Jacob’s and
Shum’s methods all produce wandering tracks.

to be a sophisticated enough measure to reliably dis-
criminate between candidate model fits in a robust
procedure that has to cope with a wide range of pos-
sible outlier/pseudo-outlier populations. Instead, we
have looked at characterizing the quality of a model
fit by more complex measures of the residual distri-
bution: capturing information such as how peaked
around zero the residual probability density function
is. To this end, we have devised procedures that,
at their core, use kernel density estimation of the
pdf and a mean-shift approach to locate the peak
of that pdf. Experiments have shown that such pro-
cedures can considerably out-perform existing robust
techniques in terms of apparent breakdown point be-
haviour.

In concluding, we must remark on the shortcom-
ings of the approaches we are hereby promoting.
From a practical point of view, the methods are some-
what costly compared to Least Median of Squares
and to RANSAC. Though we haven’t extensively
studied the issue of just how computationally efficient
the approaches can become: it would be optimistic to
expect that they can compete with methods relying
on much more simple measures of candidate solution
quality. From a theoretical point of view, a lot re-
mains to be studied.Though we promote our schemes
in terms of “breakdown point”, we acknowledge a
number of issues in respect of this. We have not for-
mally defined “breakdown point”; nor, consequently,
have we in any way attempted to prove attainment
of a high breakdown point. In these respects, our ap-
proach is intuitive and empirical. However, we trust,
despite these shortcomings, the techniques we have
described will be of use to the computer vision com-
munity (and wider) as the basis of proven practical
methods which can be refined, and whose theoretical
underpinnings can be explored. Moreover, we must
point out that, despite impressions that may be ob-
tained by reading much of the literature, particularly
that aimed more at the practitioner, more tradition-
ally accepted techniques still have their shortcomings
in similar ways. For example, though it is often cited
that Least Median of Squares has a proven break-
down point of 50%, it is often overlooked that all
practical implementations of Least Median of Squares
are an approximate form of Least Median of Squares
(and thus only have a weaker guarantee of robust-
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ness). Indeed, the robustness of practical versions
of Least Median of Squares hinges on the robustness
of two components (and in two different ways): the
robustness of the median residual as a measure of
quality of fit and the robustness of the random sam-
pling procedure to find at least one residual distri-
bution whose median is not greatly affected by out-
liers. Our procedures, like many other procedures,
share the second vulnerability as we too rely on ran-
dom sampling techniques. The first vulnerability is
sometimes disregarded for practical versions of Least
Median of Squares, because robustness is viewed as
being guaranteed by virtue of the proof of robustness
for the ideal Least Median of Squares. However, two
comments should be made in this respect. Firstly,
that proof relies on assumptions regarding the outlier
distribution and it can easily be shown that clustered
outliers will invalidate that proof. Secondly, there is
an inherent “gap” between a proof for an ideal proce-
dure and what one can say about an approximation
to that procedure. We believe that our method of
scoring the fits better protects against the vulnera-
bilities that structure in the outliers expose. We have
presented empirical evidence to support that.

3.2 Imputation and SFM

We have proposed an algorithm (with some variants)
for recovering and factoring a noisy low rank ma-
trix with missing values. We have shown that the
algorithm works well, though we would stop short of
claiming superiority. The algorithm is probably not
competitive from a computational point of view (al-
though the same can be said for some of the competi-
tors). Perhaps of more value, is that we believe we
have begun to understand the effects of imputation
and the trade-off involved when one adds more data
that carries extra missing values. We have proposed
a scheme that seems to control that trade-off.

The algorithms and analysis we presented should
be applicable to many other problems - we are cur-
rently looking at face recognition and related prob-
lems.
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