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Abstract

In medical imaging, it is common to reconstruct dense motion estimates, from sparse
measurements of that motion, using some form of elastic spline (thin-plate spline, snakes
and other deformable models, etc.). Usually the elastic spline uses only “bending en-
ergy” (2nd order smoothness constraint), or “stretching energy” (1st order smoothness
constraint), or a combination of the two. These elastic splines belong to a family of
elastic vector splines called the “Laplacian Splines”. This spline family is derived from
an energy minimization functional, which is composed of multiple order smoothness con-
straints. These splines can be explicitly tuned to vary the smoothness of the solution
according to the deformation in the modelled material/tissue.

In this context, it is natural to question which members of the family will reconstruct
the motion more accurately. We compare different members of this spline family to assess
how well these splines reconstruct human cardiac motion. We find that the commonly
used splines (containing 1st order and/or 2nd order smoothness terms only) are not the
most accurate for modelling human cardiac motion.

Keywords: Left Ventricle, Motion Reconstructions, Tagged MRI

1 Introduction

Non-rigid motion analysis is an important issue in biomedical image analysis. The basic
problem involves the estimation/reconstruction of the motion of elastic material from
observed data.

There is a long history of the application of various elastic models in medical imaging.
The elastic models typically seek to minimize the “bending energy” associated with
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some functional on the quantity to be recovered. In the most simple form, this may be
a close approximation to the bending and stretching of the left-ventricular wall based
upon a simple analogy with the bending of a thin-plate. This leads to thin-plate spline
methods. Popular modified versions of these spline elastic models form closed surfaces (or
contours depending on problem domain dimension): Versions which are variously known
as “snakes” or active contours [13] (e.g., [1,2]). More generally, the “bending energy” is
some Sobolev-type (semi)-norm of some physical quantity, for example the deformation
gradient tensor [20,21]. The “bending” functionals are typically approximated using
finite element of finite difference methods.

In particular, various elastic (or deformable) models have been proposed to estimate
left ventricular motion from magnetic resonance image (MRI) data. Usually, all of these
approaches use some form of the second order smoothness constraint, or perhaps a
combination of the first and second order as in “splines under tension” or snakes [9, 14].
However, one can ask whether the choice of smoothness constraint should be limited to
just these two orders.

In this work, we define and investigate a generalization: A spline family with multiple
orders of smoothness constraints - the Laplacian spline family (section 2.2).

The possibility of such generalizations has been pointed out before: for example
[17,22]. However, what is important in the work reported here is:

e in this work we construct explicit formulae for the spline solution for a given spline
from the Laplacian family. Invariably, previous works employing spline methods
use some form of discretization/approzimation of the spline solution - e.g., a finite
element or finite difference based solution. Working with the explicit formulae
means that we can be confident of the accuracy of the solution to the spline
problem. That is, any residual errors in the solution, compared with the real
data, must then be due to the inability of the spline to model the phenomena -
not due to our numerical solution of the spline formulation.

e in this work we systematically compare various members of this family in relation
to how well they perform in reconstructing motion from left ventricular measure-
ments (taken from tagged MRI images). Thus, we are partially answering the
important questions that can be loosely phrased as: “how appropriate are the var-
ious smoothness constraints for application in any given domain”. In particular,
we show that, at least on our data set, the usual splines proposed (second order
or first and second order combined) are not as accurate as other members of the
Laplacian spline famaly.

The specific task studied is: to reconstruct the true displacement field (vector) of the
underlying cardiac material (between diastole and systole) from a given set of scattered
(scalar) data values. Each of the data values is a projection of the actual displacement
vector onto a given direction. At each data point, we only have a single projection onto
a single direction. The direction of projection, itself, varies from position to position. In
our particular data set, the projection directions are one of 5 possible directions. It is
common for a situation, similar to this, to arise in MRI motion analysis. For example,
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tagged MR data allows one to readily estimate, at a set of chosen points, the (single)
component of motion perpendicular to the tag planes. The set of given projections used
in our experiments are, in fact, derived from MR images. However, the formulation of
the spline we employ is sufficiently abstract to be applicable across a wider range of
imaging modalities. Indeed, our approach is also applicable in the various approaches
that use “optical flow” type analysis to X-ray CT or to ultrasound images [16]. In optic
flow [4], the optic flow constraint only constrains the direction of flow normal to the
iso-luminance contours (2D images) or iso-luminance surfaces (3D images). Estimates
of “normal flow”, commonly derived in such situations, are thus of the type as used
in our experiments here (except that in an optic flow setting, one would have a wider
variety of projection directions than the 5 arising in our data).

For solving the type of motion estimation problem described above, we have formu-
lated multiple order Laplacian splines to interpolate a vector-valued function from its
partial measurements (i.e. provided only projections onto given directions but not the
vector data itself). Preliminary results appeared in [6].

The main focus of this paper is the rigorous mathematical formulation of a family of
splines, and a systematic evaluation of the accuracy of various members of this family
for reconstruction of cardiac motion. The main novelties of this work are:

e reconstruction of a vector field (displacement field) from scalar projection data.

e comparison of reconstruction errors for different orders of smoothing splines within
the Laplacian spline family.

The outline of this paper is as follows: Section 2 presents the fundamental mathemat-
ics of spline methods. The proposed spline family - multiple order Laplacian splines - is
introduced by analogy with the classical thin-plate spline and is formulated for our spe-
cific application: The reconstruction of the displacement field (of cardiac motion) from
projection observations. We also derive the explicit formula of the kernel functions for
several examples of this spline family. Section 3 shows the experimental results based
on LV MRI data and assesses the capabilities of certain spline models for accurately
reconstructing cardiac motion data.

2 Spline Formulation

Energy-minimizing elastic splines provide an useful tool for reconstructing a function
from scattered noisy observations. The reconstructed function can either be a scalar
function, for example, image intensity distribution, or a vector function, such as the
displacement field of a deformed object, the velocity field of fluid flow, etc.

There are two types of constraint employed in the definition of a spline: a smooth-
ness/reqularity constraint, and a data constraint. The elastic spline function minimizes
a smoothness constraint functional, which is defined in terms of the derivatives of the
solution. This smoothness constraint can be interpreted as a kind of energy and reflects
a physical property of the modelled objects. For example, the well-known thin-plate
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interpolatory spline (developed by Duchon [11]) is defined as a flexible thin-plate with
minimum bending energy (in terms of the second order derivatives) which interpolates
the given data. The thin-plate smoothing spline relaxes, a little, the data interpolation
constraint so that the solution is no longer forced to exactly interpolate the data.

We generalize the thin-plate spline to an extended spline family - multiple order
Laplacian splines. This spline family minimizes a smoothness constraint functional com-
posed of multiple order derivatives. These different order of derivatives are combined
together by a set of tunable weight parameters - called smoothness parameters. Each
of these parameters controls the amount of the corresponding order of smoothness. A
major advantage of this spline family is that one can explicitly tune these smoothness
parameters for a specific application. In this sense, the proposed multiple order Lapla-
cian splines provide a general approach of function approximation, especially where one
can capture the essence of some physical property by the smoothness model.

2.1 Thin-plate Spline Reconstruction

The thin-plate spline reconstruction problem can be defined as follows. For a given set
of n-dimensional data points {z;}¥, z; € R", and the corresponding function values
{y;}¥; find a function f, which minimizes the following smoothness functional:
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where A\ > 0 is a smoothing parameter. D?f is used to denote the second order deriva-

tives of f, for example, in 2D, D?f(§) = % + 26222 + %.

The energy minimization functional (1) is composed of two terms: a data constraint
and a smoothness constraint. The data constraint defines the residual error of the
approximation from the data values. While the smoothness constraint (the integral in
(1)) is defined in terms of the derivatives of the reconstruction and measures the bending
penalty of the approximating function f. Moreover, this smoothness constraint is related
to a Partial Differential Equation (PDE), from which a kernel function can be derived.
The spline solution then can be determined in a form of linear combinations of shifted
versions of the kernel function together with a polynomial term - the polynomial belongs
to the null space of the PDE.

It has been proven [11,15] that the thin-plate spline solution to problem (1) can be
explicitly expressed in the linear combination of a biharmonic kernel Ky with a linear
polynomial py:

N
f=Z:Cz'K2(|1E—IEi|)+P1 (2)

where the kernel K, satisfies: A%2K, = ¢ (in two dimensions, Ky = % r? logr, r is

a Euclidean distance between z and z;), {¢;}V are kernel coefficients and satisfy the
conditions: .Y | ciqi(z;) = 0, for any linear polynomial ¢;. Indeed, both the smooth-

ing/approximating spline (as defined above) and the interpolatory spline (enforcing the
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data constraints exactly - this can be viewed as reducing the smoothing to the limit
where no deviation from the data constraints is permitted) have the same general ex-
pression for their solution. Of course, the coefficients of the interpolatory spline and the
smoothing spline solutions will differ.

Although the above model provides an explicit solution for scattered data approxi-
mation, it still has some limitations. In practical applications, we may need to approx-
imate a function from observed partial measurements. For example, in the experiment
presented in section 3, we only have a set of scattered projection measurements of a
displacement field on given directions. We attempt to reconstruct the true displace-
ment field from the sampled projections. In addition, a major problem arises in that the
thin-plate spline has reduced orders of continuity at the data points, as the space dimen-
sion increases. For example, in 3D, a thin-plate spline kernel is a linear radial function
r and has discontinuous first order derivative at the data points. We can change the
continuity of the reconstructed function, particularly at the data points, by changing
the smoothness functional. In the next section, we generalize the standard thin-plate
spline to produce a much more powerful and flexible spline family in order to model
three-dimensional projection data for cardiac motion analysis.

2.2 Generalized Splines - Multiple Order Laplacian Splines
with Projection

Firstly, we generalize the data constraint into the constraint associated with an abstract
linear functional operator L (where L can be a derivative operator, an integral operator
etc.). In our case, for the type of data we have, we will take L as the linear operator that
is the composition of pointwise evaluation followed by a projection of the resulting vector
onto a given direction. That is, L;, for each data point x;, operates on continuous vector
functions to evaluate that vector function at the position z; and then dot products the
resulting vector with a unit vector in the direction of the measurement at that point.

Secondly, we change the structure of the smoothness constraint by substituting the
monomial order of derivatives with multiple orders of derivatives. The components in
the multiple order smoothness are combined together by weighting differently each term
using an adjustable parameter so that the solutions derived from the generalized spline
models can be easily tuned to the characteristics of various data sets.

It should be noted that each of two generalizations has been done separately before,
for example, optical flow reconstruction from projections [16](data constraint generaliza-
tion) and the spline with tension visual surface representation [17] (extended smoothness
constraint albeit only containing the first and second order derivatives).

2.2.1 Definition

Consider a set of n-dimensional data points {z;}V, z; € R, at each data location z;,
there is a projection y; of a vector f onto the given direction n; given by:

yi = Lif + e(x;) = £(x;) - n(x;) + e(xy), i=1,...,N (3)
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where L; is an abstract linear operator. f is an unknown smooth vector function to be
approximated from scalar observations y;, which contain noise €(z;) (here we are mainly
interested in smoothing splines since all experimental data are noisy). As mentioned
before, our primary motivation for this formulation is the special case where y; are the
observed components of the cardiac motion in particular directions. Thus, L; is an
operator that performs point-wise sampling of the unknown vector field f, followed by
projection of the resulting vector onto the direction of the observation associated with
Yi-

The generalized spline minimization problem is described as: To find a unique solu-
tion f, that minimizes the functional:

2= L0 [ 3 e (070 o

jof=1

where A > 0 is a smoothing parameter and 74| > 0 (|o| = 1,...,m) are called smooth-
ness weighting parameters, with 375, 7jo) = 1. We use the usual multi-index notation,

for any o = (cv,...,0n) EN" and £ = (&,...,&) € R, D* =3 2 with

Q1,500 ag?l,,,aggn
ol =01 + ...+ ay.

The first part in equation (4) is a data constraint to measure the error between
prediction and real value (associated with the linear functional L;). The second part
in (4) is a smoothness constraint to measure the roughness penalty of the solution, but
here the roughness penalty is extended to m terms of increasing order derivatives of f
instead of single order of derivative. The contribution of each term in the smoothness
constraint is explicitly controlled by a tunable weight parameter 7.

Thus, the generalized splines introduce two types of parameters: a smoothing pa-
rameter A and a set of smoothness parameters 7. The smoothing parameter A controls
the tradeoff between the goodness of fit and the smoothness of the surface. In general,
a large A corresponds to a smoother solution. Two limit cases are: True interpolation
spline (A — 0), and least squares polynomial approximation (A — oc). The smoothing
parameter is usually estimated by minimizing the generalized cross validation (GCV)
[10] or the generalized maximum likelihood (GML). We choose the GCV estimate of A
in our experiments since it has been shown [18] that GCV method provides a general
estimator of smoothing parameter.

The smoothness parameters, on the other hand, are introduced to adjust the solution
to meet different orders of continuity requirements. Each 7, in this set, explicitly
controls the amount of the corresponding order of smoothness. Therefore, the order of
the continuity of the solutions can be easily tuned by changing the values of these 74,
Moreover, the single order smoothness splines are limit cases of this family. For example,
a first order membrane (minimizing tension energy) is the limit case of 71 — 1, while a
thin-plate spline is obtained if 73 — 1. As another example, the thin-plate spline with
tension corresponds to 7 = 1 = 0.5.

Yuille and Grzywacz [22] defined a similar spline. However, they insisted on an in-
finite sum of smoothness terms with weights such that the corresponding “interaction”
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between data points be Gaussian in shape. Their motivation was the recovery of motion
through optic flow in the context of human and computer vision. That is, they were
not concerned, as we are here, with precise recovery of some 3-D motion from scattered
measurements of that motion onto particular directions. Nonetheless, their spline defi-
nition could easily be taken as a first example of the type of motion spline family that
we have defined.

2.2.2 Solution and Evaluation

The reproducing kernel Hilbert space approach, coupled with Fourier transform tech-
niques, provide powerful tools for solving equation (4) to define the spline solution. The
minimization functional is interpreted as a norm of a Hilbert space, in which the associ-
ated reproducing kernel is a central part of the spline solution. This reproducing kernel,
in turn, is determined by a PDE based on the smoothness constraint. The general PDE
spline theory can be found in [3]. Here we formulate the solution to several specific
members of our Laplacian spline family.

The minimization problem (4) is associated with a PDE:

(~1)lng Al K =6 (5)

1

NE

|

from which the kernel function K can be derived.

The null space of the PDE (5) is a polynomial space composed of polynomials of
degree at most k£ —1, denoted by II;_;, where £ is the lowest order of Laplacian operator
in PDE (5) (if 7 # 0, then £ = 1). The dimension of the null space can be easily
deduced: M = k +Z -1
the problem is set (n = 3 in our case). The spline solution to problem (4) can be
expressed by a linear combination of the kernel function K with a polynomial term:

, where n is the dimension of the physical space in which

i=1

where pr_1(z) = (pi_,(z),p5_1(x), -, p?_(z))T € [lI;_1]" is a n-dimensional vector
with each component to be a polynomial in II;_;, and ¢; are kernel coefficients and
satisfy conditions: SN ciLiag_1(z) = 0, for any qi_i(x) € [[I;_1]". Further, let each
ph,_1(z) be represented by the M basis functions of the null space, then the vector py_1(z)
can be represented by the nM basis vectors {®;}*M. The solution (6) then has the form
of:

f=;ciKﬂIE—IEiD'II(IEZ')-FT.LZICZ]"I’]'. (7)

In order to evaluate splines, we need to derive the kernel function K and coefficients
¢i, dj. It can be seen, from (5), that the formula of the kernel changes with the different
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smoothness constraint (or different PDE). In the next section (2.2.3), we will derive
the explicit formula for K in several special cases. Now we concentrate on solving for

the coefficients. Suppose that K is given, then the coefficients ¢ = (cy,...,cy)T and
d = (dy,...,d,y)T are the solution to the minimization problem:

1

Sl —5d=Qel’ + A" Q. (8)

where () is a N X N matrix with entries @);; = L;L; K = n}" -K-n;, Sisa N xnM
matrix with entries S;; = L;®; = n] - ¥;. It has been shown [19] that the minimizer of

the expression of the form of (8) can be determined by solving the linear system:

(Q+ANI)c+Sd=y
STec=0. (9)

Note: the second equation (9) implies that the coefficients ¢; for the kernel terms in the
spline solution (7) satisfy the conditions: ¥, ¢;nf - ¥, (z;) =0, j=1,...,nM.

In summary, we have presented a general framework of spline models based on a
general linear operator and a multiple order smoothness constraint. This extension is
significant since one can incorporate different order smoothness in an explicit solution.
The major feature of this family is that the degree of the continuity of the reconstructions
can be easily controlled by tuning smoothness parameters. In addition, we specify this
spline family for vector field approximation from scattered data projections.

2.2.3 Kernel Functions for Special Cases

The kernel is a central part of the spline solution. The precise form of the kernel is
determined by the smoothness constraints or the associated PDE. In multiple order
Laplacian splines, the kernel involves the smoothness weighting parameters 71, so that
the properties of the kernel change with changes in these parameters. A general approach
of deriving kernels for multiple order Laplacian splines have been presented in [5], here
we show a few examples of this family.

Model 1: First and second order model

In this model, the smoothness functional is decomposed into the first order derivative
and the second order derivatives. In (5), let 7 + 7 = 1 and 7o) = 0, otherwise. The
PDE for the thin-plate with tension spline is: (=7 A + 2A?)K19 = 4. 71, T2 control
the relative amount of the first order smoothness and the second order smoothness,
respectively. In three dimensions, the kernel K5 can be derived by using an inverse
Fourier transform technique [5]:

1

1 - r
Ky = 1-— ).
12 drmr ( ¢ )

The null space of this model is Il - the space of constants, and has the dimension 3
(one for each Cartesian component of the vector to be recovered).
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Model 2: First, second and third order model

This model involves the first, second and third order derivatives in the smoothness
constraint. The associated PDE is: (-1 A+7A? —13A3) K93 = § with i+ +73 = 1.
In three dimensions, the kernel K93 has different expressions according to different
setting of 7, 7o and 73. Let D = 7 — 4773, then:

L_(14 (ve V¥ —ue V") /(u—v if D #0,
K123 — drTir
(1 — Vo — Ve Vur) if D=0.

where u and v are roots of equation 7322 + pr + 7 = 0 and w = 27723 The dimension of
the null space is same as that of model 1.

Figure 1(a) shows the one-dimensional plots of the kernels based on model 2 with
different parameters and it demonstrates how the properties of multiple order spline ker-
nels can change with the varying parameters 7;. Figure 1(b) also shows that the kernels
with limit parameter settings (; — 1 or 7, — 1 or 73 — 1) can closely approximate
the corresponding p-harmonic kernels for integer order p. It is important to note that
the singularity of the 1-st order “membrane” kernel (lower trace in Figure 1(b)) has
been removed in kernels with multiple order constraints. That is, so long as we retain
some small (non-zero) weighting on higher order smoothness constraints, we can derive
a spline whose kernel is very close to that of the single 1-st order spline, but without the
problematic singularity.

Model 3: First and third order model

In a similar way, the kernel for a first and third order spline model can be derived
from the PDE: (-1 A — 13A%) K3 = § with 71 + 73 = 1. In three dimensions, K3 =
L (1 — e Vo cos =), where 7 = \/E . The null space of this model is still spanned

AwTiT V2T
by a constant since the lowest order of Laplacian operator in above PDE is 1.

Model 4: Second order and third order model

The associated PDE is: (1A% — 3A3)Kys = § (1 + 73 = 1) with II; (polynomials
with degree < 1) as the null space, and the three-dimensional kernel has the form of:

2 ./
Kos & (—1—%4-6 \/;T)

AwTe T 273

Model 5: Third order and fourth order model

The associated PDE is: (—73A% + yAY) K3y = 6 (13 + 74 = 1) with II, as the null
space, and the three-dimensional kernel is:

2 2 T3
ol T T34 5 1 - r
T

Other Members of the Laplacian Family

In a similar way, we can derive kernels for other spline members in the family. This
family contains not only a whole range of multiple order smoothness splines but also
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(a) kernels from model 2 (b) kernel from single order models

Figure 1: Values of various spline kernels plotted along a line through the center of the
kernel. In (a) the three curves from bottom to top are: the first order dominated kernel
(1 = 0.98, 7o = 73 = 0.01), the second order dominated kernel (7, = 73 = 0.01, » =
0.98) and the third order dominated kernel(r; = 72 = 0.01, 75 = 0.98), respectively. In
(b) the corresponding polyharmonic kernels: the first order membrane kernel (bottom
trace, which has a singularity at origin), the second order kernel (linear) and the third
order kernel (cubic).
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contains, as extreme cases (letting certain parameters tend to extreme values), com-
mon models, such as the standard thin-plate spline, and the less common third order
Laplacian spline and fourth order Laplacian spline.

Having defined such a family as generalizations of the more commonly used spline
models, it is interesting to question the relative effectiveness of the different member of
the family in problems of reconstruction from measured data. We have implemented a
whole range of models and applied them to reconstruction from MRI data - see the next
section for some selected results.

3 Experimental Results

We now demonstrate a direct application of our proposed spline models using projection
data - to reconstruct the displacement field from a set of observed projections (onto
given directions, one direction only at each data point). In all experiments, having
constructed the matrices for our specific spline formula (equation (9)), we employ Gu’s
rkpk package [12] with GCV estimation of smoothing parameter A in order to solve
these equations. Having thus obtained the spline coefficients, we can now evaluate the
spline at any desired position (using equation (7) with the specific kernel of interest) and
calculate the error between the spline predicted values and the measured data values at
those points.

3.0.4 Description of Data

The data that we used were derived from a tagged cardiac magnetic resonance image
sequence of the left ventricle. This MRI sequence is a collection of snapshots taken at
different angles and time intervals throughout the cardiac cycle. The left ventricle is
divided into 7 short axis slices and 6 long axis slices. For each short axis slice, four
images are captured along with four tags oriented at 45, 90, 135 and 180 degrees, while
only one image is taken for each long axis slice with 90 degree tag. These images are
taken at 10 time intervals (numbered 0-9) between left ventricular diastole and systole.
In this experiment, we use the data derived from the final time slot (number 9). Thus,
the data was derived from 34 images.

Where the tag planes intersect an image plane, a tag line is formed. In the data
set used here, the spacing between tag lines is about 6mm and the spacing between
image planes is about 8mm. From the images, points spaced approximately 1mm along
each tag line were sampled and an automatic algorithm was used to determine one
component of the displacement at that point. The range of the magnitude of these
displacements is [0.000542mm,12.373mm]| with an average displacement magnitude of
3.76273mm. All of the imaging and extraction of points and extraction of the single

component of displacement were carried out at Johns Hopkins University (Baltimore,
USA).

With the origin of the data set as outlined above, for our purposes the given data
are in the format: Point coordinate P = (pz, py, pz), normal direction n = (nz, ny, nz)



To appear IEEE Trans. Medical Imaging, 2000 12

at P, and a projection S of a unknown displacement vector f on direction n at point P.

The original data set contains 9754 points, which come from five classes of tag planes
that are parallel to the five planes £ = 0, y = 0, 2 = 0 and = = +y, respectively.
The corresponding normal vectors are approximately oriented along: n;” = (1 0 0),
n,” =(010), ns" =(001), ns" = (75 — 5 0) as well as ns" = (75 1 0).

From the 9754 data points, we draw a number of subsamples:

1. A subsample is created containing 1249 points that are located on image planes
parallel to the three principal planes. The spacing of these points is approximately
5mm along the tag lines.

2. A second subsample is created by selecting, randomly, 1249 points from those
points located on images parallel to the three principal planes.

3. A third subsample is formed by selecting regular spaced samples of spacing S5mm
along the tag lines, selected from all 9754 data points - this sample has size 1626
sample points.

4. A fourth subsample is drawn by randomly selecting 1626 points from the 9754
data points.

5. A fifth subsample is drawn by selecting points spaced 4mm apart (along tag lines)
from all 9754 data points - leading to a subsample of size 1951.

6. The sixth subsample is created by randomly selecting 1951 points from the entire
9754 points.

In addition to having, by sampling, produced 6 sets of data of varying spatial config-
uration, we repeat our experiments using “clean” and “noisy” data. The “clean” data
is obtained simply by using, for the selected points, the measured projection of motion
along the measured directions (perpendicular to tag planes). The “noisy” data is ob-
tained by perturbing the measured projections of motion using additive Gaussian noise
of standard deviation 0.5mm. Only 30% (randomly selected) of the data values had this
noise perturbation. We do not perturb the directions or position of the data. Thus, the
“clean” data contains only the errors of experimental measurement, which are unknown
but (hopefully) small. The “noisy” data, being with added noise, is used to obtain some
idea of the stability of the solutions to perturbations.

We have also re-sampled the random configurations (with different starting seed)
with no appreciable changes in the results for the different random samples.

We should point out here, that the solutions obtained by the splines, using each
subsample to define the splines, are evaluated by finding the projection of the solutions,
at every one of the 9754 data points, along the direction for which we know the motion
of the tags. Since we are evaluating the performance by using data that was not used
in the initial fit, this is a form of cross-validation. Such cross-validation measures help
to guard against “over-fitting”; that is, where the extra degrees of freedom of a more
general model can actually lead to the noise being fitted. It is unlikely that a spline that
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over-fits the data (used to derive the coefficients of the spline) will score well against
data not used to determine the fit.

In summary, though all of our “data sets” originally derive from one cardiac image
sequence, we have, through our subsampling and our validation, been able to investigate
some of the effects of variation in sample geometry. As will be seen in the results
presented next, the sampling geometry does not seem to be a factor in determining
which spline models perform best.

3.0.5 Numerical results

We cannot predict which model should produce better results than others since we lack
prior information about the true vector field structure. Therefore, a set of experiments
were carried out, using different splines of different orders, to find whether the commonly
used second order spline (including the second order spline with tension) perform as well
as other members of our spline family.

We present our results in two ways. We explain and present a subset of these, in
graphical form, first. A more complete set of results is presented in tabular form in the
appendices.

Five multiple order models listed in section 2.2.3 and three extreme models - the
second order model, the third order model and the fourth order model, are employed for
solving the same problem. For each member of the spline family, there will be 6 solutions
(corresponding to the 6 subsamples we used to determine their coefficients). For each
of the six solutions we calculate the RMS (Root Mean Square) error over all of the data
(9754 points). We also calculate, for each member of the spline family, an average RMS
error obtained by averaging across the six RMS values. The average RMS errors between
the given data value and the reconstructed one (based on different models) are plotted in
the same coordinate system, see Figure 2(a). In this figure, the higher order smoothness
parameter in multiple order models (for example, 73 in 1st+3rd model, and 74 in 3rd+4rd
model) changes in horizontal direction, while average absolute error changes in vertical
direction (we do not show the results obtained from 1st+2nd+3rd model since it has
two free parameters, but the numerical results are very similar to those from 1st-+3rd
model). It can be seen that the 2nd+3rd and 3rd+4rd models produce much better
results than other models. To aid in comparison of these two models, the results for
these two models only are shown in Figure 2(b) and compared with the results from
three extreme models.

From Figure 2(b), obviously, the third and fourth order model performs better than
the second and third order model, and also better than three extreme models when
the fourth order smoothness parameter 7, becomes large. We now restrict attention
to this better model to test its limit behaviors by tuning 7, in a relatively fine scale
between 0.9 to 1. An optimal solution is found around 74 = 0.975, see Figure 3(a). The
corresponding model has the fourth order dominated smoothness but has a polynomial
null space of one degree lower than that for the pure fourth order spline.

In order to examine the sensitivity of generalized spline models to perturbation,
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