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ABSTRACT

A new approachto optic flow calculation,basedon a highly
robust statisticaltechnique,is presentedln this algorithm, the
optic flow problemis first formulatedasa standardeastsquares
problem.Then,its associate@losestpoint problemis introduced
and the transformationwhich takesthis problemto a standard
regressionproblemis provided. The Least Median of Squares
technique is used tolvetheresultingregressiorproblem.Some
experimentalesultsfor both syntheticandreal imagesequences
are also presented.

1 INTRODUCTION

During thelasttwo decadesherehasbeenanincreasingnterest
in analysingimage sequencesand, in particular,in recovering
the optic flow field. Although many methodsfor estimatingthe
flow field hasbeenproposeda practicalrobustsolutionto this
problemremainsa challenge.The currentexisting methodsfor
the optic flow computationare mainly basedon the following
approaches:

- Correlation techniques

- Phase or energy techniques

- Differential techniques.
Differential techniquesare often the prime candidatesfor real
time applicationsdue to computationalease and speed.The
accuracyof anydifferentialtechniqueis mainly dependenbn the
accuracy of estimating derivatives of the image brightness
function. The processof estimatingderivativesof the brightness
function for computingthe optic flow is sensitiveto noise.Thus,
a robust approach to identify the corrupted estimates is vital.
The optic flow problemfor sequentiaimagescanbe formulated
by assumingthe temporalconservatiorof image brightness(its
total derivative with respectto time is zero). This assumption
results in the well-known optic flow constraint (OFC),
I U+ u+i=0 (1.1)
whereu, andu,, arethe translationalelocitiesandly , I, andl;
are partial derivatives dheimageintensityfunctionwith respect
to x, y and t. This equationshowsthat for every point in the
image function, there exist two unknownsand one constraint,
and, consequently the number of solutionsis unlimited (ill-
posed problem).

In order to solve this problem, it is often assumedthat the
translationalelocitiesareconstanbvera neighbourhoodround
the point whereflow is estimated(the presentednethodcanbe
easilyextendedo solvefor othermodelsof motion, e.g. affine).
As a result,the componenbf imagevelocitiescan be estimated
for a finite region by solving a set of over-determinedinear
equations as follows:
Ax=b (2.1)
where A is a two column matrix whose columns contain the
intensityderivativeswith respecto x andy, respectivelyHere,x
is the velocity vector and b is a vector that contains the
derivatives with respect to time.

The LeastSumof SquaregLS) is often the prime candidatefor
solving a set of over-determinedinear equations.The main
disadvantagef using LS is its sensitivity to outliers. A single
outlier can producea large error in the final results.Therefore,
anyLS basedoptic flow techniquewill produceerroneousesults
where there are motion boundaries or occluding edges.

In orderto cope with motion boundarieg(where thereis more
than one motion existing in the neighbourhoodof a pixel),
Fennemaand Thompson(1979) proposeda clustering method
using the Hough transform which is computationally very
expensive.Schunck(1989)modified this methodto reducethe
complexityof computatiorby clusteringthelines alongthe OFC
produced by the central pixel. This method will produce
erroneousesultsif the OFC of the centralpictureis corruptedby
noise.To overcomethis problem,Nesi et al.(1995) proposeda
methodbasedon the CombinatorialHough transform,which is
again computationally expensive.

Theinterestedeaderis referredto Nagle (1995) which provides
a comprehensivesurvey on the theoretical relations between
different optic flow techniquesand Barron et al. (1994) which
provide a quantitative performance of many optic flow
techniques.

In this paper,a newalgorithmfor computingthe optic flow field
basedon robustregressiontechniquesis presentedThe major
contributionof this paperis to showtherelationshipbetweerthe
optic flow and the standardregressiormproblem (SR). Sincethe
SR problem is a well studied statistical problem, it will be
possible to take advantage of existing robust regression
techniquedo find a practicalsolutionto the optic flow problem.
It will be shown in this paperthat, by consideringmultiple
motionsin the neighbourhoodf everypixel, andusinga robust
statisticalmethodto find the dominantmotion (motion of the



majority of the pixels), the algorithmprovidesgoodresultsin the

presence of noise, motion boundaries and occluding edges.

Incorporatingthe robustnessnto optic flow computation,using

the leastmedianof squaregLMS) technique(seesection3.1) is

proposechere.Althoughthe LMS method(presentedn 1984 by

Rousseeuwhashbeenpopularin otherareasof computervision

since early this decade(Meer et al. 1991), its importancehas
been over-lookedly visual motionresearcher@Mitiche (1994)is

the only referencewhich mentionsthe possibility of using the

LMS for optic flow computationput thatbook doesnot provide
any methodology).This is perhapsbecauseMeer et al. vaguely
imply that the LMS techniqueis not suitedfor the casewhere
multiple populationof dataexistsin a dataset. To clarify this

situation, we presenta demandingsynthetictest which clearly

provesthat LMS performswell evenwhen multiple population
exists. In this experiment,a setof 81 lines is considered.The

narrow majority of 44 lines (53.2%)are setto go throughpoint

(2,3) while therestof the 37 lines (46.8%)are setto go through
(-1,-2). The equationAx=b is usedfor creatingthe setof lines.

Elementsof matrix A aresetto randomnumbersbetween[-1,1)

andelementof b areaccordinglyadjustedfor eachline to cross
the desired point. To investigatethe effect of noise on the

behaviourof LMS techniquehormalnoiseis addedto elements
of b associatedo the majority group. The resultsshowthateven
if all the linesbelongingto the majority areseverelycorruptedby

normal noiseand, in addition, despitethe minority group being

totally in agreementvith the minority solution:the LMS remains
faithful to the majority.
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Figure 1.1 Shows an example in which the majority group are

corrupted by additive normal noise with 50% amplitude. The

LMS solution, black arrow pointing to (1.909,3.071), and the LS

solution, white arrow pointing to (0.68610,0.55752), are also
shown in this figure.

The restof the paperis organisedas follows. The next section
describesthe relationship betweenthe optic flow, the closest
point (CP) and the standardregressionproblems. A robust
methodfor solving the optic flow problembasedon the LMS
techniqueis presentedn section3. The experimentakesultsare
presented in section 4 followed by the conclusion in section 5.

2 OPTIC FLOW AND REGRESSION
This section describes some necessary background for

understandingthe proposedalgorithm. First the CP and SR
problems are explained briefly. Then the transformationthat

mapsoneto the otherwill be presentedFinally, the relationship
betweenthe optic flow problem(asdefinedin sectionl) andits
associated CP problem will be described.

2.1 CP and SR Problems

To define the CP problem,it is assumedhat a set of p lines
defined as:

y=mX+n, i=1.2,..,p (1.2)
wherem and n are constant,is given. The CP problemrequires
oneto find the point that hasthe leastsum of squarevertical

distancesto this set of lines: that is, find the solution to the
following minimisation problem:

— i P _\\2
Ee = r(r)]'}r)‘ Zizl(mix +n -y)
The second problem, known as the SR problem, is to finkinghe
(Y = MX + N) thatbestfits a setof given p points(x;,y;). This

line is the solution to the following minimisation problem:

(2.2)

Eg = min

(m,n)
Thefollowing transformatiorwill transformthe CP probleminto
the SR problem and vice versa:

Or :y=mx+n- (-mn)
1. (mn) > y=mMx+n

It is easyto seethatthis transformatiormapsthe Ecp to Ez and
vice versa. Having introduced this transformation,instead of
solving the CP problem directly, one can transform the CP
problemto a SR problem, solve the SR problem robustly and
interpretthe resultsback using the inversetransform.The main
advantagef this transformations thatthe SR problemis a very
well studiedproblemand there existsa numberof good robust
solution methodswhich can now be employedto solve the CP
problem.

" (mx, +n-y,)? 2.3)

(2.4)

2.2 Optic Flow and CP Problems

As shownin sectionl, the optic flow problemcanbe simplified
to the problem of solving a set of over determinedlinear
equationslt is a well known fact thatthe LS solution of sucha
set of equationshasthe smallestvarianceamongthe solutions
that are linear in terms of b (see equation1.2) and have no
systematierrors(Van Huffel andVandewalle 1992).Thisis the
mainreasorwhy, in mostengineeringoroblemsthe LS solution
is the best one can do.

The main differencebetweenthe LS and CP approachis thatin
the LS approach, the equations have diffecentributionsto the
final results(basedon the absolutevalue of their parameters);
while in the CP approachall the equationshave the same
importance.So, the final LS solutionis closerto satisfyingthe
equations with bigger (absolute) parameters(magnitude of
derivatives).In relationto optic flow, sincenot all partsof an
image contain complete information required for motion
estimation, the reliability of the different OFC, derived for
different pixels, will be different. The reliability of everyOFCis
mainly relatedto the absolutevaluesof the gradientof image



brightnesgunction (Shi and Tomasi,1994), somethingwhich is
inherently accountedfor by the LS approach.Therefore, the
magnitudeof differentresidualsn the LS approactto optic flow
estimation are important componentsof that solution, and
normalisingthem by solving via the CP approachproducedess
accurateresultscomparedto the LS approach(Bab-Hadiashar,
1996).

Although the LS problemandits associatedCP problemdo not
have the samesolution, here we acceptthe CP solution as an
approximatiorfor the original LS problem.The extensiorof this

3.1 The Least Median of Squares Technique

In this paper, the highlsobustmethodof leastmedianof squares
(LMS) is chosenfor solving the optic flow problem.In the 2-D
SR problem,the LMS correspondso finding the narroweststrip
(boundedby two parallel lines) which includesone half of the
data points plus one. The actual LMS line exactly halvesthis
strip (Rousseeuw;1984). Since the LMS solution of a linear
regressiorproblemcantoleratethe outliers of up to 50 percent,
the proposedmethodwould producesensibleresultsaslong as

method to detect the outliers and solve the original problem usinghe majority (fifty percent plus one) of equationsin the

the Reweighted_eastSquaress beyondthe scopeof this paper
and will be presented elsewhere.

3 ROBUST ESTIMATION OF OPTIC FLOW

As describedbefore,the optic flow problemcanbe simplified to
the problem of solving an over determinedsystemof linear
simultaneousequations. This simplification is basedon two
assumptions:the temporal conservation of brightness and
coherentmotion (spatialvariationof motionis smooth).Both of
theseassumptionarelikely to beviolatedwhentherearemotion
boundariespcclusion,specularreflection or transparencyn the
scene,or random noise in the imagery system. So, a robust
solution must be able to tolerate these phenomena.

To demonstratehe effect of theseon a real problem,the famous
Taxi sequenceis consideredhere. A van, in the lower right
cornerof this sequenceis moving towardthe right with a speed
of approximately3 pixels per frame. All the derivativesof the
image brightnessfunction, in a 13 pixel wide squarewindow
centredat a point (220,130)on thevan,arecalculatedThelinear
equations relating these derivatives are plotted against the
horizontal and vertical velocities (figure 3.1).
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the point (130,220) in the same frame. The black and white
arrows point to LMS (2.862,0.209) and LS (2.262,0.211)
solutions, respectively.

Carefulobservatiorof thisimagesequenceevealsthatthevanis
partially hiddenby branchesof a tree standingbetweencamera
and the van. The tree and the backgroundof the image are
stationaryandthereforetheir associate@quationgdashdotines)
are aggregatedroundthe origin while the equationsassociated

to the van (solid lines) are gathered around the point (-3,0). The

also existsa numberof other lines scatteredaroundwhich are
perhapsthe result of someother phenomenanentionedbefore.
This figure clearly showsthe significanceof the noiseand other
disturbing phenomendor the optic flow formulation of a real
scenario.

Figure (3.1): Frame 10 of thé Taxi image sequence (up) and the
plot of 169 lines associated with the rectangular window around

simultaneous system represent a coherent motion.
3.2 LMS Regression Line Computation

Unlike the popular LS technique,a closed form solution for
computingthe LMS regressiorine hasnot yet beenfound. The
fastestknown methodfor computingthe exactLMS solutionin
2-D spacewasintroducedby Edelsbrunneand Souvaine(1990).
Their algorithm involves the implementation of guided
topological sweep anitl requiresO(n?) time andO(n) spacefor n
points in the 2-D plane.

Rousseeuw and Leroy (1987) presented an approximate
algorithm for computing the LMS in an arbitrary, large
dimensionalspaceln this method(usedin ourimplementation),
for every set of points (equalto the dimensionof space)the
regressiorentity (ie line in 2-D or planein 3-D, etc)is computed
andtheleastmedianof squareerrorsof all the otherpointsin the
original data set is calculated.When the smallest median of
squareerror is computedfor all the possiblecombinationsthe
setwhich hasthe smallestmedianof squareerrorwill be chosen
asthefinal result.It shouldbe notedherethatthis algorithmwill
not necessarilylead to the exactsolution but it will provide a
good approximation (Rousseeuw and Leroy, 1987).

4 EXPERIMENTAL RESULTS

The quantitative performance of every algorithm can be
measureddy applying the algorithm to a set of sequencegor
which the true motion fields are known. The measure of
performanceor every algorithm on syntheticimagesshould be
taken as an optimistic limit on the expectederrors with real
image sequencesThis is mainly due to the fact that, in reality,
the commonassumptionsuchasuncorrelatechoise,Lambertian
surfaces and so on, are not always (and never 100%) met.
All the derivativesof the imagebrightnessunction for different
image sequencesare calculated by convolving every image
sequencavith a maskconstructedrom the derivativesof a 3-D
Gaussianfunction with equal spatial and temporal standard
deviations of 1 pixel.

The error analysisis performedusing Barron's(1994) software.
Therefore the errorsare reportedin degrees and arein fact the
angles betweenthe estimatedand the true motion vectorsin
homogeneousoordinatesAs statedby Otte and Nagle (1994),
ethe value of errorsreportedby this methodare not uniform, and
errorswith equalmagnitudebut different directionswill provide
very different angular errors. Therefore, different error values
reportedby this methodshouldbe regardedas an indication of

performance as opposed to being a strict measure of goodness.



To providesomeassistancé comparingthe reportedresultsthe
error statisticsfor the Fleetand Jepson(1990) methodfor every
image sequenceare also included. These results have been
createdusingthe publicly availablesoftwareprovidedby Barron
et al. (1994).

4.1 New-Sinusoidl Image Sequence

In this experiment,a sinusoidal image sequencesimilar to
Snusoidl (Barronetal. 1994)is created The differencebetween
this image sequenceand Snusoidl is that in this sequencea
rectangleof 50 by 50 pixels in the middle of every images
remains stationary. Therefore, there exists four linear motion
boundaries inside every image.

Technique Avg. Error| Std. Dev| Density
Fleet and Jepson 7.39 10.842 | 43.4%
LMS (5x5) 1.42 7.30 100%

Table (4.1)New-Snusoidl results on translational velocity
From this table, it can be seenthat in this case,the proposed
algorithmout-performgthe Fleetand Jepson1990) methodboth
in accuracy and density.

4.2 Real Data

As mentionedbefore, the performanceof every algorithm can
only betruly investigatedvhenit is appliedto a setof real data.
To indicate the performanceof the proposedalgorithm, the
resultsfor a realimagesequencavith known flow field (created
by OtteandNagle,1994)arereportedhere.This imagesequence
is recordedusing a camerawhich purely translatesn 3-D space
toward a stationary scene(with the exceptionof a relatively
bright rectangularblock shifting toward the left). Here, the
results are reported for a 150 pixel-wide squeirelow shownin
figure (4.2). This window is especially challengingbecauseit
contains depth discontinuity and occlusion resulting from
independent motion of the Marble block.

Figure (4.1): Frame No. 35 of the Otte image sequence, the white

rectangle shows the window where the following results are

calculated
Techniqgue Avg. Error| Std. Dev| Density
Fleet and Jepson 9.56° 13.25 | 44.8%
LMS (5x5) 15.73 15.35 | 100%
LMS (15x15) 11.34 12.37 | 100%
LMS (25x25) 10.53 11.92 | 100%

Table (4.2): Otte image sequence results on translational velocity

frame number 35
It is shown here that although the presemethoddoesproduce
resultsthatvary with the size of window, its performancéor real

data is comparabl® resultsobtainedby FleetandJepsor(1990)
method.Moreover,we can pruneour resultsto achievea higher
accuracy result for lower density (paper in preparation).

5 CONCLUSION

In this contribution, a robust method for estimatingdpéc flow

is presented.lt is shown that it is possible to detect the

problematic data (containing noise, occlusion, specular
reflection, etc) from good data. The presentednethodis highly

robustand producescomparableresultswith the most accurate
known optic flow techniques.
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